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1 STURM = LIOUVLLE THEORY = This discussion  will B»encrah& the
concept of Fourier Seriés o 1iclude

egenfunchions that arse Ffrom ofter ode i,
/. Consider e ‘Fﬁ\\wii:B ode 3

A S R Ry P o
: T elaenvamﬁf We}gh‘hflj 'fUnChGﬂ B R R

or Lyl + Awy=o T whee b= d (roody N4 gy
Assime Hhe boundary condioss  hove the form
Ay'a) + py(a) =0
% y'(e) + £y (k) =0

; : }m;ojcf?cou; b.e, 4

Remank 2()) This problem represents a generalizatin of He e r\w.f;é
problemr  discussed eartier.” As we haw seen, these fyes of

problems have an infinte number of solutiens Yo (%), one
soluhon for each eigenvalue A,

[

b
oWy Y (x) dx S0 for
{ % Jo n#m
y agolit Hons -
g(zf[zoﬁa ba..,% () Assume r(x), d%‘) g gnd W) arc
TS ) rQ>0  wix)> O.

We Now wish o demonstrate

Contingous o La, 5]

: 5 . wethod as wed
2. Proof : Or’fhogonaitfy of ‘he mg{rrfund]ons = FRPE ﬂg;;cv,auia’

/
F m d i -
rom (1) Yim C%[ r E\fin] 1-[9r+ Anwj Yo N O
Omel
d 7. dym] + ; v =g
g | ;}f}' ‘[3”m”j"“"‘ D
Subi;ad' and infe(jra#e a=rp ! 1
(o 80080 g e 8] ¢+ o) w0 s =0
i} A Qa
Lﬂﬁzﬂmﬂfﬁ 5y purts yrelds b \ |
r(x) Yy, dYn) STy, Ym i Q‘n" )\m)f w(x) Ymb) Y, ¥ dx =0
dx lq dx A
From the be. %

¥, (o) = "éll\{n(a) , Yo b)= % Yolb) ym’(a)=-é1

Ym(a) )Vmi(b): Hé an“’)
I «2
So  ‘hat ore  Can Show Hiat 6") =20,



S

2e Ok%ogm&itw of e@en‘funch'mms (con'hnued)
b
We have (An-)m)f WX Y (x)Yp(xJdx =O
a

4 R i Y LR S
o thef Mmoo R E R the eigenfunchions
7 i 7 o Hhat it from
. [ WYL Yy Kl dx =0 Storm-Lioww lle - problenm
7 - Ja _ e ; 'ake'of‘f’h"ﬂmaj with - .
“regpect o tha weighting
funchan Wix).

= Eigaﬁunclh@}\ CXpC\nSt'ﬁn “Fheorem (a jenerali{oiloﬁ of Fourier series)
@ Qwen +he c\53umpﬂo‘iu stated on the preyiods pag ]-t" can be proven Hhad

() there 15 an  infurle set of discretc ewgenvalues ¢ A4 Ay LAy <0
and 1) h each eigenvalue Ap there Corresponds only one e;je/;ﬁ/,ycﬁm Yy, (%)

b. Heﬁce, given n arbth‘ary piecewise smosth funchon £x) on [a,bj)
£(x) can be_reprzsenfed Fla a Serres eXxpansion v +er mo

of +he eigenfunchons y,(x) b
¥ o / wix)y (x) £(x) d
0= [\__ An Yn(x) where 4, = ab
n=\ _[ w(x) Ynll x) dx
ond daf o ﬂ|5CDﬁﬁhU]’W )}‘o) { a
o ) (wh;’d, Fillows darccﬁ)r Trom +he
2 Gy =5 [foe) +—Hx:)] + orfhogonality property’)
n=i ‘
4, Exumi:fres of ‘Sturm- Liouslle’ €ghs
(i) Legendre eg d 7 (=) dy T My = O
jenere egn 210 ).dl?i\jﬂrn(u)j
Wix) =4 | O nEm
Pn(%) e f\ﬂiTQ oy 1 £xX& | = j’ F:-,(;-,‘, Pn.U‘) dr = /_2_ A
- -y 2nti

we'll see +hat nontrivial

- ! 1
() “Bessels egn dix dj] + Q\zx-l- ¥ =0 =
% . Soluhens exuist onl for
d)\[ d* 0 )Y certamn valies Cf/\:‘*‘ As
W

Hence, for  +he mjmfuncﬁ&u whith resutl fram Bessells €gn,
[ X Yy (XD}, Omx) dx = O ##nm
! .
€9, if V=0 we may find > ecafinchoo may  be Jo Onax) |50 Hhen

lfxl{A,,x)I(/\medx=O ngm i;rf}i%ﬁﬁogpcﬁﬁcﬁ
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5 The eigenvalue problem for o Bessel egn ¢

a,Consider the drfferemhial eqn

rrdy | rd 2y =0 __ _ 4
>t T r== S
subject o the beundany conditions Y(o) is finte (ie., bounded)
and T
(1) =0,

= We will show that ordrivial (Y #0) sulefions exist only for cerfam yalues of )
You should vecoqpize +is ode as a form of Besel's e of

order ero, Te “see +his more c,lc’,a.rl\/J make the Chanjc of varables
X= A, .n"-CfI) B

dY = dX dy _ ndy by +he chauirule
dr — 4 EYX = ’ i
A

=
2 / 2z 42
W= 5 0g)- H 0898y
Syxe r= X/, egn Ul simplifies to

Simi 'L.Clriy)

recall Bessel’s eqy of
order vz

Sessels egn . xTdYy 4 oxdy 4 X*y =0
dx* d x*d xdy L k=V)y=0
d‘?ﬁ rlvy=o

of orden ZZno

The  solutione ane ( assume )f‘)o)

YO = A4 Jo(x) + BY, &) o
the soluhon D oegn &) s

LY(#’) = A () + B%(A:)j

Howevm) recall +hadl Yo (R)—=> 00 4 x>0 so that 1a orde
for +he solution o remoin bouaded 45 r0 we require B=0,

,Ym = AT (7\,())
Te second b, - s Y(H:O = AI:()‘!)

If A=0 vhen y(rJ20. 00 the othahand T, (ALY =0 s e
| Y i

for cerfaui vabug of A, 0
Recalf Jo (x) = i}
Tre first few zevoy of Tolx) are i
L Fm = Amd 1
{ 2,405 ¢
2 5.520 +hesz are 271
3 8,054 tabuluted
4

1,792 .3
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Herce , bt s case  Hie ew@envalue condiod (s
J(MAh)=0
= There ar on nfate * of real e;gcnva,[ue,sj - -Al 5 Aa s

To each egenvawe, there Corresponds ‘he e;gerrfunc,‘fmh Jo (Anx) =+ a solvhen fo
. ) e ode for the
Speecfic valye of Ap

b.S;'rmlunt\h the problem coold have been

rlcﬁLJ,rgj Uirz ;f)\(

whith We recognize ac Bessells e of order 2,
The general Soluhon (A this case 'S

virh = AT () 4+ BYz(Ar)

TF we erdauk Lmpose e b, thd (r) be fuade a0 r>o +Hen
we V&Q‘,LLM‘C B=0 (Sunce Y(r}"” -~ ad r+0),

Then 4he b, yW) =0 = AJ’Z(M) - rj‘ (Ad)=0 aeeﬂvaﬂ

CONDITION

and then we veauire he wos of J,

P
which are Lndlca,hgj 6n 5"“:"“ lma(mg' determinés an infite

St o e mmuc

+o each eigcnva{u‘?. An
‘Hlefi’. cor f€5Fa,;c;§ +he
egenfunchoi
T, (Anr).
-5 +
0 2 4 6 8 10 12
2, Fmaﬂ\i t s Sfratﬂsh{"fammd o Shas bt  the elﬂenfunc,hm that anse
from Soluﬁons 1o Bessel! .Sa,hsfy an orﬂlojunald‘y relabion with
weighfig funchen  wix) = X
91 the  problem on the preyivs page, j)r f)iﬂx)]'(,\mxldx 0 ném

and for the Problcm on the P"‘j" !
[ XL 00 T Omxtix <0 ngm,

0
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d. On the oftrerhand, there will be jnstinces involving E’e;s’é{ ﬁwcﬁlaﬂ;s
Which do not 1nvolve +he origin - For example,

rlT“ + f\{| + )1r1Y = 0D ] £0C % ,{ ) Y(”=O)yu):o

. . __‘“ R e : o = - "”'"""NOTE:"BCSSGJ”J €@ h
AS befOfe, - ) Y [fl - A _I,(/\/) * B % (A()‘ s B . af-fen areses Préb ems
. mvo!wffy ¢yhndrical coorgs,
So s problem s 'n"ypl'caJ

Uﬂfi/ how, we've_only menﬁrohrcd problems whr&,h howé‘_ - of f’an_nulair_"”rcatomz

i) bwndary Condihen regrumas that the fuachen be _ 4‘

bounded at the origin so That B=0 sice '% r
%

Yo(Ar) = - a5 5Y'ﬂ'0.
. ytr)
the orgin s not 1n the domaun

In +his Prob!eﬂ] J hOWC‘fe(,
of iatecest and Ty (Ar) y Yo (M) “dre both  bounded and  well-be haved
for 1&ve2,  So we proceed as follews,

LYW =0 > A TN + BYN(A) =0 = Bz - A Jo(n)

Y% o)
- [yin = A [ TOINR - T )Y ()]
Yo ()

Mew the E\GENVALUE ConDITION A llows fom the Second b.c, as
Sy co = AL u) M - To(2) % (A1)]

%(N)
So fhat for nontrivial solhons fo exist ) we See ‘that A muot sadis fy
TOal) % Dn) = Tl 0D =0 S o

I+ turns out that s form s rather common so e rook
(e, values of A) ‘hat Sarh's—fy this egn are  tabulated .

The Correspondm9 eljuenfuncﬁsfx Y;;Ct‘) s

\jh(f) = Jo ()U]f)Yo(An) Lo jc(/\n) \{.(:\nf}
and  Sahsfies the Orfﬁoamdrﬁi condihion '*Yplc,a'd of Besse egns
J
J r Yalrd Yulri dr = n#m.

!






