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JL. CALCULUS OF VECTORS | PYRDICS AND TENSORS
A. Tntroduchon £ Review

L Scalars & vectors
Scalun - maclm'i'ude Oﬂw e.g. 3 ngss ) +C:);P(,CLI‘EU'(

vegtor @ ¢ hgracterized By magn,iu' de @ d-‘ﬂécﬁmj
represented geomeincaully as am arrow

¥ 2 vectors are equal 1f they have the Sasix
\ magnifvde & direction ; “paraliel transport of vechs®

A #Aze

(Hcver%clcﬁ, t 5 mportnat 1o keep tn wiind fhat -
the efdect of 0 gven  vecTir  may Gepend upun 118 /ofﬁﬂm}

'INOTATioN}: I wil Npcally 1ndicae a veetr g_uant.-'z-y

b/ an uyaderl{wne ) €9 2 Ter

- =Y

Ancttier comman meshed ic to yse arrowy, 4 b,

. n has | = '

2, Cartesian Coordinate Sy.i'f‘em. £+ vecter 7 cwﬁHr‘l

0. we wll indicak He wadt base vectors as ¢

- T base vec X3 g‘s._(o)o’ /)

or gz-.-'(O/I/C'-)

§I=(/,0,U)

Q_;T |
A

=l

Z

to
b. In order * describe a veetor  yoo muat giwe toth
the  Componen®s and the base  vectos

. . lied OOT
C'g'J g'- = O« L * ayé ) a:/m

€. Recall vhe definhon of +he SCALAR PRoDUCT of 2 vectors:

L[] . - . d
Ncn'Etb o (V) 2 ’[3 = /2/ /_é/ cos 8 * A8 ,
I+ a.b= | J
"\ 7 wher + o ¢ b
and 18] %0, (£ #0, ¥~ _ ol ae ¢ magituds of ¢ o b
+heg a L b, AlSo, Sinee 'é',_!_:l) __1_-’1:0 _;_,.E.-Q , ete, , Hhen
B B g'b T Ay bu 4 O\’ b\’ + Cl_-,l E!,



¢. Scalar product ( connnved )

@) Crearly, we also  hove 4-b=kt-g and a-(bsc)=a-b+2a¢
and 2 2
|a]'= g-a = a
d. VECToR PRopuCT  ( also  called CROSS PRODVCT)
G) Th& ve ctor produ.cf of 2 VEC{M -gl.é 1s deﬁnCd as NOTE
NOTICE ¢ . —
My nelh——— g b = /a/[bf sine & 2 b 444=0,
or this cperahon - B ;
s A 5§ many where e & g umt wecfor 1 the S, a
pthers dtru:hon Pefpcnd!Cﬂ[qf fv the *Lana ’
wite X, formed by o & B , as gwen by +he RIGHT-HAND RULE.
Gi) From the defuiionz a2 b = - bag  and gr(b+c)=a2b+ aAC
T abe Rllws that - fAj=k , (Mk=-j jak=i (ti=0ek
G} You may also  remembes wr:ﬁr{? _SumC'fﬁwj like
Al LYok }
A - -~ = ’ . :
il N S NN RS (“i"x "“*"E)*’il“**’v'“!bv
b b bz -

=» Muck of +Hhe above 'S Cumbersome § ‘fngh‘l"fu[lly lengthy b write,

We now vitvoduce o special notthon which wily S\mplify many man;rula:hénr.

B ENSTEIN INDEX NOTATION AND THE SUMMATION COANENTION

/. let us reconsider some of +he abowe, From now on kep
mind et we arc rcprdennrj vecfors tn Q@ three-dimensonal world.

So, we will now label (x,\[,%) coerd,nafes b, (1'2,%)

let the veehor g have  Compoueats  4; , use vechors £

Thea , 2
g0t sed,e, =L 0S = Ge (=o€

(\b = - - l.__l 1 { =7 ‘4 J

This idea must dwmmy index ..!
~> From now on, we will pot weTc the Summedion Symbol,

be dear h ) y
your mind before Tostead we will  (javoke the SummATioN CoNvENTION —
You move on. if ‘on index  appears twice ) We will Wi Fiaf we

Shidd do o Summanen” =123,



e,
2.

[imveodTanT) s
Use 2 different (ngex
Scalar product revisted ean vector,
Consider fwo vectors d=adr¢; b= bje
2 3 2
Then, = 4-b ='ZI a.e; - Zl ijJ = ZQ; by = 4Q,‘ b,'(= 4,£,rﬂ:£z-r£3i\‘-)
= = 1=
do vou ! J _.T ‘ l_ where we aianl (nvo e
(undezsrmd the buse veetors are gl- . QJ- =0 Fi J +he Jummﬂ‘%e‘u Convermien
mtahon ? Erihegonal =4 i=J dnd dr:,y e Summdon .fymbol
3. Krodecker delta &y (i=hz3 j=123)
J ~oTes If you ke )
L .. you may Hunk aboyt
a, De‘ﬁmﬂbﬂ, » S_‘J '-'[ 10 'ﬁJ SE}’ as the Compon ety
L=J

o +he iderhity matrix

: 1 Q0
(525
o 0O
. « - = {
=5y J
b. With his sherthand we wric
51}(5&

lrgf{ neement 1;,'grahr

cleorw

b ¢ oy -
Vector operafion ; iy aek on Yhe
.Ir: s eﬁ'} bise vettesy not ‘ihe campanenty
L would blcalled —* .
Hhe Summahon index,

Ny

3|mpjll5 +he douL-[r. Sum
L2 a ki
and  we

ey J?.[ J
agaun remank  +heat g d:fferen‘f' dimmy index wao
used for ga.(h veehr (afe;

» b ). [FEVER wrte 4% - big,
. —this 15 ey Cbn‘ﬁuﬂtf
C. Reniayks : () §ic = &+ 622 + G2z =3
4’”&'”’/’"”“""" ——(ii} §j=+ the REPLACEMENT OPERATOR:
ea

using the  Summaton ComtrMon | —
(iiﬂYen; effen ; one will not weife the

e e € '{&‘i =3 l
Unit veciors < s
and” will wrife A; where [t s ynderstoed that may
ke QJ‘H').e.r {lZ or 3, In ths case | would fbe called
a Teeindey Since & s free b fake o e valie 1@:;5
Stm:LMfy, the vectfor egqn (7] :_é may be
Wriden .
a; € = b; e or ay =b;  amd
Sice L only appears ince on each Side of +he egn
B free o tke on The vale 14,2100 3 S0 +hii Stanas fr
2 spuate cgbalfies © q, = b, dz = by az= by,
Another example ©
(ﬂol}') 9 = G, b’ E’. = q L( CJQJ or &ff cJ'{ J.‘s free +
! Agotaao

“ake om The 3
fwite S0 {20r
we jum  zja3 vales =



&7
IR Symbo/ weii be el

/ whenever ecror proguell dr/Se,
4'- PEfmwfa,"ﬂGﬁ S\lmbo]

£k =23 12033 k=23
. “lor -4 f  ink L
a, Definition Sijw. = or =14 1 hpk are all d.fferet
0 f ary twg

aiEs are the same
In parhudar,
E,'J',_ =+ f

of J,J',Ic are an EVEN permdaion of 1,2,3
~2

Eraa =1 23;33{

23 =1
5:’/'; = ~f #

L',J,n A€ an GDD permufanior of 12,3

Ez/3 2 =/ E 32 =~

€32, =~/
NAED By eyen permdiae  we sican HA w ever ¥ of mierchangs of He

indices  pwet occvr 10 et bk B the order 12D ;
. o . .
analogm for meantg of odd permuisiuvi.

b This definrhen” hao +he ‘Fb“o.u""tﬁ c!chc' and infzru'mng. pregerty 2

Elie = € in = € ‘o
&) R =
ard of two iadice; arve Simply mfefchan:'jcd, e 5:'311 chanjcrl
Efjlf. T - E i[_gj or

EiJ'K = - EJ.I-.K
Ao, since I)jik tan each hde»nd’en fake on +he valle (2,2
El‘sp. I’EFf{H‘,ﬂfS 7 q,ucmthS‘.
A

; Hien

ross - preduct
of base vectors
or any 2 veLturs) will
l“‘p inyaive the

ermutahon Hmbdl Eij,

€. We ‘aic  haw E;'\gj = Eije gh}

ard by re{crrmj To the figwe ot rght, 3
evefy%ux\:j 15 ok, I g, =+ €, = Epnze,

+
d. We now haw an effechye shorthand nefahion for reprﬁcqﬁy
The vectr  product,
et c=ank ik gemge , bebg
T ! . A . - — - - .
- = a' Q,‘ bJ QJ = q; bJ (gif\gJ) |
8+b = ;b €k S\~ NOTE CAREFULLY THE 327E2 OF THE IWDICES

or weth C=C €

=k, we haw Ck =

= a;b; Ei’jw_ wEin [epresents 53
. . eyns Tor K= or
. Ver Yot +h s ad ; — i ’
EXERCisg: € ,‘fg ol x,ﬁd 3 In agreement

on pg. 57. Use SummufiaL converhin on i)



&8

e, triple scalar product < @ - (bag)
@ani we ¢ careful b wse different d-‘.amcﬂy indices far each wehrr <o

g -11245} = a‘. s -/9 %’4 Ce gu) = a’.g’. -{6.5“ EJirJ _g!)

4,' b; Ce &Jk.f _ef ¢ gj

J -
dil
= Ejeididicn * Eje dbice = (ab)c =(crg )4
s by usirg cyclic property
Recall also  fhat Eije Exerdte - _
a, 4, d cenvince ywzse!;"ﬁnfd'ﬁ:ﬁ&
_ - . last 2 derhies m
4. (b4g) = def |y, by b3 |= E!'J'Lall’.i('“- index expression,
< Ca <3 N
index represcifafion of
He 3¢3 determumant
5, Usefwl (denfifig l'n\folvinj E td § .
hd, dm can
Caeh independentdy fake

s eqn cora:sr?onds

Lérjg sg,l,n = &-[ Aj'm - é.l ij‘) on yolue 4J7"'3' km"
t 8 quarhfics,

brute force for cach of +he S eq.n&!

Hoatver, # 1s best 4o make yown ife easier b nocing thad  both

sdes chang sgn f ether i%] or Lim an m‘l'erdtauﬂcd, Alo | beth

sdes vanshg  (f faj er A=m, Then, connder rtma.‘nf.‘.j terems likg *

—
-

-
Eize Tran = Elﬁz + &2 %12 + B2 T =

o
§nbu -Gk = | s ok

Proof ¢ verify b

and

Liceunse
Erzw Eerz = €2 € + E2n8yn ¢ €23 83 =0

et ;C
Exgmpe 1] show Wt e. =1 ¢ €, 1€ : r 4o
=1 2 ~mm xEm =n tfnnt"u -5‘_:, (el
e —

/\Q,, = Efzﬂ}ﬁ EMHJ %’ = E'“-ﬂ'l E’th :J

@& -f)e =2ze; X

[Bample 2+ shes et G7(brg) = blare) - € (ab)
’ ) =4, bJ Ce EJEJ(EiAg‘)

r(bre) = ap &~ (8 g5 exee) = qeflhe 5, b

,'a.(ao Subaa - 65623 =0 so ok,

We" b} &"'ml gm

f

=0 b G Ejuy ElmE= 94 Euifin e, = a:bjex (&m&"—f_lg&_m)s'
= i b i € = A5 ey (@) b -(4h)Cae, e (A€) B - @h)e X

-



GﬂﬂJ &
odrt 7
Some A Examgies of +he use of ndex notahon

First, o brief svmmasy of +he imporfant ideas

, o &)

) ei-g = &[] i |

+ i, ), an even permyfation of ,2,2

() g1g = &5 s Ejic 2{ -1 gk an o pematmon f 423
O any twe jndices Hhe samc

(8 summahon cConvenhon 5 whenever a Svbscri appears fwice,
a svmmetiei. From 1+ 3 o impled.

Exampes i

GJ JI.L ﬂy_ = 6-1.1' Sixe d‘-jr._ 5 anl\, oNTEero when J'et so the k
wi S may be replaced by .

() E;" = 5“ + J’;_-;, + 553 = {4+ {+4=3 niofe = Smee ..'wuadwnmy

wdey | Gi * S = Emm ek,
(hiv) EIJ Eijle = £k T O  sinte two of +he indices are the same,

("V) Ef}'.‘_ Enju; = EUI«. Eg-_n-j by firct r:fa‘hry He indic€s on the Zecoasd £,
&/
Hc,rt, use  +he identrty = E;J',‘E,L,Lm = tf,‘j 6:,-,,, - tﬂmé:",(
4 E{Jk 5xnj = by, Jjj = d:{j d',zj' = 3 & - §a = 260,

. ——

3

(v) G, by Emna_ - Q4 me,m g = ?
<> mgn apptor twice h each term o su»n}lfm s implied .
Bat, m tn are Simply dummy vanables j ey me covld just as well yse ancther leffer,
5o, examme the Seeond  ferm an by Emng .
G bms,rmq, = — 4, £’m'f--nmq_ } now let J:n, m=k

- 4a;b which is He same aS the above sinte
J ke EJqu Sommetioa aon STLINt imrl:td.

= — Ombn Emng by lethay je=m ke

it

So,we See that
ﬂm bn Eﬂ;ﬂg - an Aﬂ} E’hﬂ¢ _':2 004 éq E/},ﬂg
N\ g"‘_” campanclrf" ;fc
(gﬂ L)i 4 3 A_b-



C. Some vector

70
calevlus  ( +at:m3 derivafive: of vectu, fim.hc.n:.)
L Notahon *  we wiil Use +he  vector X T denete +x
vetter  |ocahen of o Point in space,
3

Z = (kux:.,xb)

+he vale of ¢ depends on
// Locahon i space
one Can  discuss  scalar fields  ¢(x) = P(x),x,x3) o juot $in]
ond one  c4n  discuss  vectr ficlds

ﬂ (5) =G ("u*z,’fs) €, 1 szx,,xz,r;/sz
each of +the—" * U3 f&,h;xﬂ €3
Comparicnts of

the vectyr 4 depends on
Iocahon 0 space

-

= cold sinply weite G-(X;)
2. Diffeemation of vectors

a, S wypasc.

a=gLl) = g (t) g
Than da _ da;w e, Sixe the cantesian base veiors ie-
de at ~ Consfanr vectors, e
. _4 0.5)351 5.9.‘!
We  will new  conciger spatial derivatives of wectors ) &4 "Rt
2 By} or 2 ,(x)
2% 37 -
3. Grageat Operadr =  Sechn 43 Exreutbcrs y Sechen €3,0.6 A €erand
[et  @fx)

Tre rofe of vaqaicn
\"duf‘tﬁlﬂ\ ]_e,'b_Q-:—@

be @ scalon fupchon whith vanes whh peifion k3 2w sp

<.
of ¢ o the X-direchien (5 ?E’ =

2¢ L the
= == L
3 ththe Z-dircchon 15 ¢ =_°¢)'m- e
Ty R DT Dy
We intodwe +he vector )
rad s ¥ = e Lo &N = e 2 = &;
( ; f ? TR - 5, € 9
] agien C or—— .
r 95{' 4 ) uconma " notat1sn
radllﬁif - - D d
oot = Y ()= €30+

7o indicate defferesmano
> () + g0 R B A
3$1 'b‘ha
e: _;E_x“.)
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3. more about e gradiert  cpgator

=» Relahor betwken e g qnd the dwechisal denvative

Consider 4 Small displacement ar ; w here /d_f/:ds‘
The unif ‘hnsmf veefor 1w the direction of dr s { =dC

- - ds
Iher, the rafe-of-change of ¢ i the diechion of § s

£-9¢ = t; & - ¢ 5% =t 2% 42,2 rey 2

US‘”— -Bxl 'bx, DX2 33
\
S R N T
as =%y -d_s WXy ;—S -S-"'lz T.:,
. Dircchenal dervahve <)
. ‘%4; = 1-9¢ l of @ inthe § direction “/516 Fs)c
Now  consider q 5w;dac( ¢f_‘(_‘) = Constayt #‘-‘“"‘\_

P
Clearly a¢ =0 far an. disglacement aliiy +he swilice ¢\'¢ \ S
then Sincé 1 4_1, e fangent Yeifor to ‘H’UJ J !
Suaface, 1t Allws thet “Haf ¢t L YE e,

Vo s o veter perpciptudickla: " the swidace P = cenifant
~» Y& 5 a Ve noraal b tic surfuce ¢=ccnsfc1.-.T
4. Divergerce of a vechr field = Y.L o gy f

— ~

4. Simply  Compute u.au'zrj Sfandasd wcao.

) , s ¢
PP ) (55 =5 55 528wy e
ok, v J X;  pr rd-
i riic
= & stufin -
&J _b_;.: ] wm‘;::nchmcs used 0 since the g'!-f
) ' —2 gre und vecTes whah
- bf, (=_ 3ﬂ . B'Fz +?{3 ): ] do it vary wrth
X DXy DXy Xz Jj pesenBh wh 3pace
NOTE®  Now ‘that You hnu:ﬂ?onc Yhough 4hs, make yow ife ¢asier.
the & are conftf veches Guth respect b dfferenfution so |
we kaow it s ok o siaply ;Fn‘f‘e —f
- . B | - . g' = TR ) [— J' M’“‘m.
g'_f = & DK, (5 J) € g..J :D-‘)%| -33(4 *

ofk /2 G,
Ako,  wionewn you see a term like __%'(‘K yYou nov know =y =9f



An iden‘h‘w LLSmS index. notohen =

]

¢ Interpretudiv o Ha Divergence of @ vecte feld

Recall the Divergeace Thecrem which relates cer

mfcarais over o bcundm.s svrface®

(

A7

Tn the field of Tlup dyrasis we fiad a ve

% @V = [fenods
’ . S

of +he divergence of a vecter fick,

Consider “+he Ffow of & fluid of constnt density (e.g, ,water —
be the wveloerty of the flvw @ o pt %

Let  x(x)

frved .
ll.ef S be same"‘r bodﬂdﬂh'j drawn n e Hod? The ,ﬂ'f{osﬂ rafe -~
rhrO»gh a Surfaee with g.ffmentll avea 4S -

2
et $(x) w a Scaln ficld

(i) use prodvef rule
<= ) <, arc Constant vectors

(i) e 1nner prodocf ()
only operofes ea vecfors,
st the gealin wupmmfs ‘H";

- Noficé how Smular ths
s 1o ¥R narma./prca'u{cf‘
rulc of differemfiahon

{.’lrnvtm telectric

feld Lung; v &
redive ) aloo Mjn!m
FAtld Lings)

f‘llu; volvme mfcgrais fo

‘\“‘@z
7y hece physwal witerpretation

15 calted

INCOMPRESS (BLE)
ds5

Vv

Furrovnd .z the fricd wIm'V.

5o (yo)dlS = NAE
. "=
n

The fofal Fflow throgh the surfucc 15 fuad by urtegraag over S
3{!4 dd =0 ame for a fiud of cosislant dcoarffr ‘{,:‘,i.f ‘fr?;ju;=o-

yos may temember this
Fram Math 2. If ndt, we
will disess l'hnrHy.

i
vy 4V =0
And :l'ﬂcc‘ -#“" m‘d u W /D’ 4/-‘, Chioile D‘F ﬁf_ yo{um dcn.”.f V
“e Concluge V-y =0 for all % .
of +he dvergence of +he Vdouf)f

For an jacompressile fluid | the va.ms'*_: '
el 15 associoted with conservahien Yof mada, Affernatively if there
mcaswses pef FHux away v a pont-

by t/x Pivergence Theorem ™

1T a SouUrct {(ar Sialkt) of maasn . Vex



4. Curl of a

o

73

vechr  fielkd v F

or Cur(_f
4, Aga_b;i. ) Slmp/y c:m:,aa,z’e Mcuﬁ afanda,rc/ ld{ﬁw
= g % ) <& As beforc, the ¢- are
AL J Co.rssfalﬂ' VeCfGIS aqal ‘f“hC CM(
N ? A g.) hj ( opmcd‘m onty affects veckes
i N X
Somc‘hmcs peorvfc will
3&' Wrr*¢ "H’Ils &%
y,q) = E. N

=% I.

't& wdicafes +he
I AHerucd-.ch‘ h and K2 Compenent o Hi
shipw  +hat 'Lh O:'Lvoa(, a. rccs woth  wind et 5‘\‘FI
Yoo  hoave Seen i ear. u veotdr calidia
Cour s2s,
First
] 5 M-
U4 f b {\@; A %) )_-l;j and Sine Yhe  Summahor coaveriio:
D%, hu._; kecn 2ddvmcd anid Hx varaules
o .I-U appear TWiCR | we muf sowp
o /=/+3, J-‘-l""i'». O
Y‘\ - Ae b‘r Ap 3{ P )f
i ( ) ﬁl|+ ﬁ: —2)'5?. (e" ) éz }3{: --( -7.)_ one
e” ' LLY
-3 ""gz -63
=§l(a—{: ”'?f'.-" J+§z_(—"f! 2k ) t S,y ?nc‘ - h ]
Xy DX3 »%Xy oxy Xz -B.)
= ::l €1 g; L
? 2 which 1§ probably hew you
TR Ky e previtsly Saw it represcrted.
'F| 'F}_ {3 # o
£, Another denfitys 27 _az¢
~ - 2. L = J
¥ 2¢ = f, "bx'- ) = £4+8 bx'-b)fj —Eu\f. 'lea,x -—if.

But nohice that By using +hc pra?erhe: of «EJL

Eije

2

:T-a' -_—E“‘ ’-cb < =& 2P = con with '
——X xd ) \_7{ J 'bK DK OA L O bi'ﬂ'lc ~t term,
relakd * j‘::.l fuite L ;fﬁ?ﬂt‘»“- P.;ove' 0Aq =0
- /Y ¢ =0 K any “Scalar funchoi ¢ Q4 tigna

ek !-l.r‘hr,v o I



4. Curl of a vechr Feo (€ontinsed /

. be
d' Evg_l‘u_m V- ( aA b) Consmf.ubd?ﬂ{f
- - -fult!:nb ‘mg5|s
a ;———ﬁb , a b c . arén
= *(0;¢e 2b e )= e 29[ ab. .
= ?"7)‘,' (aJ—J k.-lg) i—s"t(‘l \g) Jujd
— Ewt = E =
. - . . ., okt l
=(§;‘I§1) 25 (476) &ia =.§x‘-(“.15u)5{3 - Y
)
4t
= (%% ) g by + by gL .oy
- 24
= ?—;". Euz. by =— -b__ai\'- &;KJ(!J = (V“ﬁ)&bk_ -LV"_{;_JC.IJ
0F wn vethr  motwig )

5. Interpretunon of the cunl of a vectr ficis - Agan

. ;o use Ha vele?y
Treid A dﬂu,bd o I EX
et YI%) be 4he velaerty  of o Flud flow. Flow & g UM‘P](
We wil new see thad €AV peondes a measu  of +he averar
angulaa. veloeity. d s
Consider 2 line chmrrf: tn te flow | exanune plaman matowy for 5""1FIJCH'Y
%4 2
o 2] @
P @ _ 'Aﬂ
[~ — - - e
o fime t o tme btgt
For smuil rofn‘hbisl ﬁniE‘ o ; n"/gfvgjdfn At 0 short Pmé df
~ = [ Valx+dx) =¥, (x,) .
o hfi A S LAl ~ ?12. dt via g Iu)'!w fonds
' dxl X
dad
Ao e DY Kavdn) Vi lae Loy,
T ¥
= aw e

mafe of counteacluckwise rotation - 4 [ M _ v,
i flud parhde about the X3 -axw 2

ardyin general e average rafe of rotafion of _ o | = gay ZVorfialy
d szuiaﬂpm‘hélc Qbout +he X, -AXw (5 = 3@ 'E)L‘ J = B







d§ =n 43

y»] Infejra.( Theorems

£ Divergence Theorem o Qauss’ Theorem.)
9

= The thesvem reafes itecials owey volumes o wntegials over
+he baundmg 5\»&1'&4.(?-(5)\-} 7

The  theorem states +hat

. jlvcn o Con;‘:ll'\.UGLS Nectr functiow
f with confingous firit pantal derivatives |, +he,

when wriding
s thrm e

) D\VERGENCE | n
skl Tnee | 7f o - [g-{ s 21
qet in the habd -~ ~
theg. V ¢
where 1 15 He ot swlward rnormal ol
fruni Y,

e (RCCG.U the proof of +the the€orem f?‘om ﬂiaj‘ﬁ_ﬂ)
Wﬁﬂ('-n' ot = OB : - .

‘ % T2 3*3] S

2. Plana versigns of  ‘the :béwxaucc The orem
(onll:JfF' Sore Qe AM fbb; P(QI-C éoynd{d &‘vnyL d-mvec
. gunvind .
jf 0 aud § b Ve untnomal sl und angent

Vet alcns +He chndafr

(4selds) , dzsgﬁéﬂ"j‘gﬁfﬂ
Since F = o

K oL —ly AZ' ds5 = dﬁ, S‘ + dlz [
as
M -
Siace n-t =0 Hds = dxy g = dxl <,
50, m"‘”ﬂ;‘f;"‘”

— + s
LS -1 %
A 2 { C C
et ﬁ = N(x"h).

[(Foh) o = [reafy

A - -"M :.51,13.} dl‘i’y bihrcv"l Y:J m;lr
“oN >M :;ﬁ = d Ndx, i recall
= ’!—57\ - 5‘%1) AE (M 7 % Seéing in
A C

a previcus coupde.



2. Planw Yers ons (fonfmue‘l)

In He othenind, we beju with #he (aF eqn but 14enp
N M weth e on mm?i‘! of g dec;w as # JM ﬁ

Z05)=4/(x,%) € + Q(X,x )& and let 4=4 | g :n,

hen
/(d/ x4y d’xz) =f(:é"g_z_i;) M
!
C
’ 1 wheh & the planar
f gb e /(VM)'% aA version of
£ Stokes 7-/76019”1

WEe will Corme Egox P
~tokes Thro _:/;;rrﬁ

3. Some Theorems which Hllow dmecﬁy fron the -vaerfencc %eurem
3y Bfﬁm wrh l‘, D]c'.

J A v /4,'1{' 4 j!.f d‘/:fg.fdg
V T v 5
() let F= b b where ¢- Pix) bt b s an arbbrary constaut ve ter

S5 4L have

where b can se
(wpd\l L_wds/b @(f ""?’_ dv [/nyzﬁ dy ke atsue 3 the
ardegiais  becos b

-

/—-—J a’:ﬁ%dfﬁ" V 5 a tonitant vEcTor ™
ﬁg¢w,f5¢‘5].b MCC"HNJ an nuwst ve trye ﬁ,v mpffn/,y b , we co cisde
so ether -
il Jeo - . < _
S,J) b=o or j X[ dv j-n; ¢ 43 ,:1}210,.3
0 LiLh 5
but b 18 an arbt )
tor
D: ;mtnmnrc::;* ho;? ormn vceler purahen (fv,
P ardm , JV d_f
. { VECTDR EQUALITY) => | 1 /
7 ‘sa it holds for each f CP ¢
Component,
‘-_V—.._,—'-—-—--———-.-"'—"’-

Wheh 15 Gauss' Theorem fr a Scalup functian.
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(i)  Another Vheorem cetinih. #(é;m Srom the Dr.crjenc’c iBeore s
(5 chfauncd by /cfﬁnj:

f=9¢ Jj

Then since g-f: (VQ) ?}_’) g}‘ﬁ,
‘/i
= ?° -392319‘ %, -.-_VZ?.‘J
T A STl hl Y ‘51"'; -
(e

+ie LAPLACIAN

— gra,cnéq‘r o‘f ‘} -.r'-: T‘l-{
on Frechon S Hg
unet- nermoad J4]
(1.6, Sirecronal
dersvativé a.énzj n )
P

4  Qreen'S Thgorem ( Hiidcbrand ;P 30/-z2)

(1) Bequn with he Divergene  Theorcs and fef = W___VP’
Thes, &

M) o5 Joatree) w o[y (wsg.é;.)
f_ox (v¥ dv -f(‘d‘:_wl m dV

[w nV¢ o = fl Y- + \PVZfS]a 675',21
5

o Greens /£
/br v Tden hhf

(i) In-.‘r:ruange \r})¢ i the aboye €gn , Hen swolract from +he e_?;,J..uf den, ved,

/f O 2-02)e - [re-svv)a) G
V

2% form

o
Greea's Seand
Exo ¢ b dopyswe o e_l”q,_ If(:nﬂfy




An interestig aside * 76

(m) Grecn's Theorems are offen useful for peaving
Seme  Very generdat results.

For example, besui with Green's first fbrm.;‘ et W=¢

Then,
[ ¢ s =5[<1d,>-‘1¢ + 6 V20 | oV
S o Vv B P’ P'd'e')
S
= Now suppese you with 4o selye V¢ =0 ( Laplace's egn)
=7 s N ggi:'ectvh +he bx o= <
3 2=0 =2 —~
whak xy for XEVT <V
] ¢ D ~ ¢[51=? ‘S’_,/
pro

ell y We are sl.pan Cp=0 wa The boundan..{ > So,

(¢ % o =0
S

Fm*i‘h&rmorr;‘ Since V’"¢ =0 w Y) +he ean aboye r&€deCes 1D

-

; . | =0
[ [ge-28] &

\ o
Buk i .\ﬂ{'ﬁaia"d V_:P.y¢ W he sum f S_QL:._LL"JCJ};JD
i a\wa\lb -\;gg'fhw:‘ . For TH mfegm,( t» vanish w muot
conse guently reque V¢ -3¢ =0 evaywhere i V
o L0 =0 ey ¢ down't vary with spatid pesifion wV.
=5 & = constant (n V
But ‘P =0 on O ard JSo +herefore 55 =0 f'ﬁmcjéoufv:.

7%
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5, A furiher gehiernlizahen of the Dmery-ence (neyrem
o W begun by sTafg vhe Divergence Thearen jvg"f dv :f'."f ds
where S repre:en'h the closed syrface .

Enciosing the volume N and 0 [s vhe und owhivard
My rmal “frome +he vilume. @
We then proved a furm suitable fir scalan ﬁ;nchm:, n
f24 & <[ n¢ds
aly 5

o U’ﬂﬂj Ind€x nofafron

\'2 S

vf :::vs_*c?.::rs du egual vher c:rres,iondfny corponents are egual | s
:?;l 4V =Sq;¢d5 far I.-"I,'Z. or I,

@ :

b. e il CenStrud o Firmi usedul for - whin Yhe Cross ~product appCars,
for 656:11?{(, consider L.!TCgralS of +he 'Fﬁln-. f EA‘F dv
v -

It s SmlPlCS‘f T worz 1n index Hﬁ'fl'flu?i_ .NO'h(é.‘ thad ¥ f\i: l’Epf’CSC/I'k‘
3 NELTN sy +he  res.t of +he n ei.cmon £ alfo a vecter

‘30,51&-:1”% we +hen procced By Coriside g €ath Componenr oF the

vecnr  segarciely, .
So using Ndex  noiaticn

-

Jof -l e g o s [ ey

"bXJ J i

v Y those ok ;"+
ceptia m
. - , - Hesimm
Buf for each koand | we know vt (member et fo
, He achally represen
S %. dV = SﬂJ ‘Fk b) Swm o 125 of ﬂild')
v S

O oothe wodd fir cadn k[ use €n 8 ad ict fo =
Sothat SV ‘%‘Pﬁ aV €k, g = '(' ,-,J¢ 5 € €,
7 S
/
o e = [ e = A
[ wg - S Sf yhed g = 2] 45

N2 a'a S x



C. Notwée | thad wWe Caa cunvemeuﬁ( Semmgi 4 o
e qbt:wc resutis cencerning ‘the _.D;vergcnce Theoren: cs
fpl/o.y[ -

JIvE & = [nxé &
\'4 S
whnere @ (s any gaam‘n'y ) Scalar or vecfor,
tmd 15 any Opé'fc’d"'lor;. ( scalaqr proc/(,:.z:;

Yector  product o a simpje ﬂmd:cui" cperaliol )
that makes sense

d.EXAMPLES :
() let 4= ceastat vector f'_?-g d3 = fy-g dv =0
S L
Vo o f az canstant
velre,

) Evaluaie
\ . <
[ -9f) o
5 _
B‘/ “he Tivugcnce ihesrem,
(0 leapyas = (-wapav = 0O
S A O for ary twice Covmm.-bus!y
9 (S dfferorhable vector funchox £,

@) Shute [ 0T
UJm9 nde y, nsh:hm?., Q,E( = "'S- (rt) - ‘D (,7.) 2r br’L- zx‘

Se Snce = Xif, ("*’“W‘-g)
! f n.¥Yrzds =‘!fyl'£.(r“) dS P'ublea; SCJ
S .

=f2 A adS = 2 22 dV by the Divegene
V s ~
=2-6

L \“J‘V'/f“ =V = wilume of demaia j 8;(_ 5
"'- [{ f f’ VrldJ 6‘v where V'-_'- VD!JH"{‘:: dcm!llng.«bv’:dd b"bn

e ———
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& For dhese of yoo who  wauid fite ugce CXErCiICs, Sow

‘{7‘?(_)\_’4_4) ds =0 where a (4 g

S consfant V'ECf?r ard
X 5« pasiTion vecler
T 4 pr wn Fhe Surﬁccc_,'

r=(X| },.:_2
e

\a
You will net be he Id
_‘4 — respuns ble ‘,Fbr‘Hn:,

G
~

(0 Th'erz 1S Onc ﬁrlal IMPOFfarft Pbmf COH((’Vr} a '*"1( DHCH'?CHCC incu, Gt
dnd T",’Cd- 15 If %C’( are n’lu!ﬁc bQJ:I‘Z{ :9 Su_rfa_'éesj
W Momust clude ol of hem
W ed TS w = (nf g

Y,

L d.u bmﬂd_ﬁc} 5;,,r-fq(,Cs
S-o ) ;’{' V I.S as ,shown befow ¢

Then

. a
J' n.fds -‘-f Q‘f )
S 5 75, 25,+5,

Qnd  pelce fhow  gp cack Surface ; 2 /L‘o/#.ﬂ‘ oLtrgy/
ﬁ’.‘r*i V
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- - This allows zne B £Xpress an ntecrad Around o
F. Stokes’ Theorem Closed curve 45 an wireyral cver haf yr¢a Fanry 192
curv€ ay a ba--'oa.r\f-
4. Let O be 2 closed curve and Lot S be 2 syurface &5
Wiiin has L as o bouvrdiac edge,
( tagine  a Chat-si ! surface )

let h= unt nermed - b S with direcion,
diven by the right -hand rule -~ as you cnl
your hlnd in +he direchion  [ndicated d.bovi’C_,
youwr thumb poinB n the direction f 7.

_t_ = T an veltor ‘f'o C, Saerciimes Feale

“rie -
=l

Stokes Ticwen :

Kecall proof -

. diffeard
ﬂ-iVCﬂ in Math 24

elimeat aong (Lte s' ang
c 7

Jsui‘ij R S P T §-ﬁ‘.1’;; ds = fn;_‘::':—_ £n dE
wﬁﬂnj the all pt

Dt ht +fu) g =“n,f?‘:fs-*a IR N I

C ‘Tﬂr_ ..'a"',\?‘ LY 3‘3 -ﬁ‘] LY} / j
S

NSTE: Thy s true for an arbni‘mr\i syurfqce S with C e - md‘,‘y e‘j(‘
b, v can achally constut & smple prusf usy esully dewloed So far
3

dS
US':B 5 bt denpte a.rclenjﬂ uimﬂ +he <
bovnding Curye <, ,\\
L=t e oL & S~y 1)

So, cans.dcrms “he -F‘ term ¢

) > >
) _ / o
96-,{ 1 Js - 25 74 a’x, =£ 'r(xifx,))x,_(xg)) dxl ol @
c )

fanchoi of _,/&',

Ly,z

{me

C
angd we have wriflen

— _'
7/C()"/.lx'f’-) X2 {'x”xz))=?‘l_x, ; h‘)

4idre Wl rag 535\”“@11 Prij€aiec i temanoa  dewn o fhe Xy < olne
U !

T

= Z(x u)«) represents
turve € grren C/ in xy-pkane




. "!J'M.p/e P!.:::‘)c " (C o ﬂ'f.‘UCd)

With  iaformatis.

"' the ptanc”
givcn on PY - B :

e tan piu oy rhe :a‘omfy

ore Torm. of L]Dn.'en_:j.:,nc_e Th_corzm'

weo ;945 < [¥ gy
.S’ [
which  has v

blanar version ?
5%?1— A= s iﬁﬂ
. A C -~ b2 {{:ds % “C""z e,
jz‘P dA j.q'-ax and [2@ dd=- ‘pdx, 2 ds= a8 —an e
A c

Hence, bc.‘;]‘.‘r:}il.;z,&' W+

+he Cgn on the bt of +he Laz

e
2
é:r’ d, = - ;‘i_ aA bt -?‘,‘l?(xnxz) =-?11£("u"1 )"3("‘:1:))
C' A p —
== Ei, + '3_X3 z_jc‘ -', 4A 57 the  chin-rale
7?{2_ 2% DXz J
A
NouJ L

dfferemhal element 4SS u 5

Face s redzed do s proiecmo
in the XY -pline by prr"

and  furtheragre S C4n  Show -
re ) ?13 = - &
e r-2.5% Ny
50 Hhat  we hav
] - 3‘: b{ 5
= - —~ N3 -~ °f d
# + dx 1 ) i_ ST X3 "2 ]

EIT WACRRE R
C c

whith acecewnts  for Hwo of fhe ‘fem;_r n
T 2L RBan€r Or€ Cds  Qicten? frr tAC
versions of  1HCI€  proofs, i 15 reccisany o 1 Aaginc  that .5'/5

S iscd, e Sechoy: poch o can te ; ected Tenfs he x ne,
EVEn when the Whele of 5 goes 72or  Lave a‘.J o =10 -~ 0rrC ,Dra ec a.-;.

Stekcy theorem . In 2
tther 2 forme. As in Stndard
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8. Foterfials for vector Teks
4: Suppose  that w Seme  vegiok Z"‘f =0

Then, from Stokes theovem | it mmddicd‘ely folluws +hat al {ine mfegrqls
between uny two ponts 5 and B have +he Same wvalu® .

In other words, _V'\f =0, so by Sioxes! Theorem, ) '?
1 g5 =0 Cib
$ £t ’

C

. c
and Sunce /‘—\ "
D C) g = 5( ] ds — j() ds mmis Sign sice
C

we've Sketched The
- Cz path G as clockuise

-F“.t_ ds = Sft ds -t Mijral indeECndCﬁtT

£ th (€
caoNS-EleATW_E field Cl CJ_ %ﬂ,,h,‘:i! paths ‘L:'Ezuﬁw‘;'- R ,P,).

L. Since +hs vesut s a SCALAR  wdependent of path, we may definc

chec {x) such +hat _
ﬁa fun P v e B uf¢
¢Q‘%)=?'!r.)*£“ ¢(15_) = ¢/—‘\:.r,) + f. J_x. d):= 1 ds
#e) SFTe) sone refoence Py "!d;ffgraelnm;f nz;ﬂf
' = ! ek a element alemy path.
provided that YA{£ =0, . ;ﬂ e g

Since +Hhe wvalue of Hw integral 5 ndependent of path (€, only depends
on the endpeins) | then a  differental change in @ s giwen by

d¢ = i' d! or  Since # = asgl d‘| "E—;‘;LJX:’,* ?;3 dX3

e ——N
ke ey (fft_g'ip) 4 -

- . 5 h Ly LS
¢ = potfenhal Ffunchon ( tf:);glckdmc‘fiyaco:ym“fc',t c”, i€,
paple wrte £ - 74 )

C We abo know that suxe Y4294 =0 fr any Wice comhavously differeable
funchan P | +hen f=- ¥¢ , w hawe vg“f=0. J “

A vectyr funchon £ such dhat Y44 =0 15 called /RROTATIONAL.




£5
. APPI:Caﬂc?L: Zn +he fleld of Flud dyl.'an.-;q , (F
N&) = Fud veloaly ot X, the line  wrdeyeal

V. &
2 B,

is called e CIRCULATION  abaut C.

Crodely, it provides a measuu of +h et rofafiov
or ‘Crreulot motrol? fhad ocCcyrs atovad Seme cuwve C.

By Sthkes Fheorem
¢ yedx = fﬁ'(ﬁ“'.\!)ds = fﬂ"fe 43
S S

c

where W = YAY < calied + YORTICITY vector

and
where S (s any suafoce with G ae a éuunu".-itgedyc.

Ths f the Flud is evewywhae IRROTATIONAL w=Y¥'y =0,
then whe circulation s o for all cunves

CMVCVS'._/y, Suppose it 1§ lknown Hhot the circulafion is known b
be zero for all evrves C . Then fﬁ,(y,‘!)ds =0

)
fr dl S, Sice e tw for adl pessible S so

Fhat it mgt e true  vhet g-'?:iv.?=o . B sime +he

direchov. of n (5. b (ven sssible surfuce | one
hos ‘h'n,r\’ 9 P '

YAy =0 evmywhw..

Poaduirj‘- e ¢ surface m+cgra.Ls 2 Hhildebrand Sectfrons 6.10-6.10
Grccnbexj Sechons 7/~ %0
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9, Theoretcal Applications of Integral Theorcsns
d. Derivahion of +he DIFFUSION EQN
Let's study a sigtement of conservation of energy
for o heated material. We Dedd ¥hd wiateual a3 ConNT/aMUOUS |
In clher words | we qr concdracd with iength scales much laiger rhaa ahmic diStances,
tet  T(% ) = femperadure af X o hox T

q e “heat fux vectr" (has knels $ f""ﬂ)//(area -bme)_}

— Fouvier's low of g=-KVT k= thermal conduchvd'y
heat Conduchon -~ (£>0Q)
_ { neat Flows Trom hlgh"?lw
let £ H dent'rl'y ( 'mw[vﬂvm.z) tempe ratyres )
Cos heat c : unﬂ Maz encryy -« calsrig
p apaccly ger (2 v )

Now consider an arbiivagy fixed volume 1 the bady ,

710 FovecCS of R

The prinaple of Conservahion of encrgy smbes Hhat ( ercgy oo we v/

time -rade-of ~choan rate of ene {rm‘a o energy
[r of +h 'tnwermgyfg = { Wiput tn.ﬂ'ilg -Z ow:flowaém

w Y V. acress S V acrws
¢ gv = {(-9n)ds
(¢ T g( g1 ) 27
=—f_?-$d'f byﬂw LEg-_q(Di‘FLﬂf
v e ;::"j:ﬂa Since o 18 no:’_‘l‘:;:_:zd
or 57_ V 0 bk, Sungg =-k ¥T
§ V- = or '
f(fg'i-_t-r-f)d 5T=-k3‘f-’i;ﬂi£h:°|_ﬁ*
V2 So, =8 10 hegt inpat

This mut be e fo any arbitary wlume elemedt V' n the bodg
Thes rcq,ujres that +ie in‘l‘tﬂrard be poirit-wite 10 ; (€,
}DCP __g{' + Y.& =0 — IQCP_?‘: = —Y‘g
or U.Hf'g Fourierk (awl g = -k Y7, (q;,d qssum.tig k= Lons'lnnfl \'napurlm“
5 g.(7) - = = of {enperature)
/ag.a.gk'—'- or ";—E =Fcp VZT HBAT or
i DIFFUSIN EQN
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bDerivafion of Maxwell's egn usmj Stokes Theorewe
(~1840)
Recall fiom physics that Favaday”d .scovered thaf electrc fieids
can bz ({nduced by :.hanSLnS magnetis fieds.

T+ > often =toted wn words SbME'H\a.lj Lukg
#me -vafe -of - change electromofive force (emf)
of He maﬂne:tm = |t the crcull surroundwy Hu

across o Ysurface S surface S rr.cu.u +at e
emf (3 basical J trtal tan rrhaJ

£ s eketnt B . magnefie Brie exerted a churge ar'o..md
A= Agld == ek e loop of H +an1cn‘ha.l dorec
E(%4) Bix,%) per unct change (= € -t ) "inteqraed gromd
or , mathentically, e circuf 2

S
ffJn‘B dS = é

or b.ls-l:okzs Theorem

Yt
[
B

ot
- C
\

n Va .
n-(Y€)dS NETE = e negative
.S' Sgn & ed
fo follow
¥ we assume S kR oa arbitrary fixed surface LENES (AW

Jhen bow gt s Txed He ordn e differeqhation and m*eyuhon.
may In'l'erd:r.\nﬁcd Se that i have

fn-(%f-a—‘l*&)@- B

S T iaiegrand
and Yhis. mugt be true ?w all S\U‘faCCa and.. all pessible n,
Herke, me  conclucles B
’ /YAE = E'_'

Abo, the electrié 1eld W a mediom depe.nd.s on Hr
charge distnbudion n.ccwacnj

churge densi
Y /A whese / = Ccﬁgf’j?: /volv:b

E° = fern.ﬂwt‘iy gf
free space.



remasks be careful fo note how ™~
r hao diftenent mean urys
belwd o But 1n each conf-oxf, 1

+h¢. mnl;’g S‘USUH. .‘2?. C&M‘/ (Reﬂ.dlg: @recnherglidai 32154335,9,?

- ) | +h chfdru', Sechars 6/?, 6./8 e
) E. Vechr Calewlus USu'ij éHhosand Curvilinear Coordinates
{ So far we how only  discussed _ﬁ:_—dg;qupﬁkvij—;ﬁf;—eﬂc_ﬁr;&f T
Victw  caleviut relafve o q cartesian . Coordutede Y Sfem.
e em e WE oW ik h ~exlead. these ideay to_ other
R . orih mui_Coof‘dm.aic-:yﬂlM. __EC.__*M__’E_N@QnL
Scluetions_B_ivep o _mend ¢ %
R . . : [-J
. e A% e N g: e
—_—— . '_L\\T\(‘}e‘!)‘“"' e e L - ¢_. I > e S
. s _ —~ - _
R = e —
r e | !
ﬁ_\fﬁt& =7 N
xi . ’\gf ﬂi
[Cylindrical coordinates) [ sphercal coordmcda
Note 3 X = .reose K= rsng cos6_ Nobe? Some
- - -X%.T_rsmé K= © Siif Sird fexty Iterchume
- X3t 7L . Xy = reosg rele of 9, &,

, We seg -Hmcf in eqch of these C(aordmai'e Sysfems +he unit

rse  vechrs €180 ,8p) or (g e 8¢ ) My with eyt
I SECe le.,._they arr.f'func.hm of 3o ﬁosmm and s vl
mean Yhat Some Cyre will be necessany  whey we Speak of
dfferenfiahon in +hese  coordace Sysfems,

2. VYhat do e really megn |:7 a base vechr ?

The umfbasc veietor 15 in +he direcfion associdied wrth G
small increment i G Coordinage.

v e For exinge,” Cowsiderfinticel ool iiess, = rusbe s rmbesie,

g Te TR e S8 e .
umt > & T = — ’ il = S.c a8 ¢, r5nbE,
gt = J.n:,?.mr'{-b-%r,- - Y cortd t5n 0

- ) veL or_ . _ _ .

X
g = /8 = - runbg +rogs, P 9 =-mbeg rude,
[tho]

\/7‘( css26 655320
€2 =S;

48y Clearl,

. base vectors ave funches of pesitrai bufare il
NeTice: T:'g" ogoral . Sueh  coardinafe Syr-ﬁ»s are Cwqdai

CRADGONAL,  C LRVIL INEAR. CODINATESS,



3. Now, @ is possible 4o gue a very carefid and
complete . discussion of vector “operafions for
-4 general. ar’l“hoyona.( curvilinear. coordinafe system.

o In order_fo_ ot frast see clearly what the ulea. S __
_ we Firsk considec in _detuil _vechr operatons.

e eeee——Cylundrical  coordinedes.

D = G5 v _.Lﬁ.y.hadricd. coordinates S

e Pecha.ps._ihc Sfirst wo\* “one weyld thiak o . Sm:aceedls

o make. a chan of ‘variables fam (xwyr) o (v 9%)
Yy Re! . . We will do Jhis “now, but 1t is semewhat kengwinded.
e 4 i . .
- 2, 2 Bearn with Y=g, 2 » e 2
'lﬁﬁl X 9 AT TSy N Ot & ¢l
€x
From the previeus page g = (058 & +5M6§7’ % --smae,*we gy,
e wesen. _ |
GE K e
Ve em & = e, 3ing 24 =)
+he egns relehng
bae vectvry Qy': 588, + (o580 s
-Th(.n’ by the chawn ryle (X-'-' recosé Y= rnhe)
ki1 8) 2 - I 2 + M 2 - (ged -0 2
- - — aC —— —_— 3 S
(1, 9) 2% ox x "8 Clg r 0 (5)
3 = I 2 W D = sinG Y ¢ csl D
T oW T osywm TR TR S
where we hove wed r= E'l."'f\{l']ﬁ]‘ ) 6= 4anY
x
t fnd . TP x . >r e
= % cos o % ir = 51n®
_'3_6_= - _-Slﬁe 3_8- _>( = 421
_. 2% jﬁ T N r
" Substifvhny @ 4@ o () pelds
= 2 2
hy Y S 'ar"'ge'}'-ge *-e:e-?-é
"> NOIE = T+ is YERY common for us ﬁryef 1he ,—- in front °f-35-
:::7 — Because ¥ has Unk  V/fengtn | each term mur alo

have dimensions of 1/ Length.



2. Now,- yoo  n At wish o Bypass some alged s
_ M‘Mk{naﬂrfé‘j"s h Fust. no}:‘g that _we Gfpecr:‘t ’
D AP )+ 2
T S i S X i Y -
e e o~ find__fhe  fonchens. -_A,_L';P}__an;__.éo_ (78/.
_ ___Sie €rr-So & w_numd/y__afﬁdjmal.,ﬁ_ﬂea_.._.- e
. &Y= hn0) 2T gy = by lr e o) 3 T
fom g B8 e, s défmed a5 2 /s <
Sr ’?r
— ~ S50, _that
T g V= I = J2] e [d
hreels o BX A G
o Y%r ~* W g - e ed 3T 2
Mo, Caln EAERCTINES s
A&-:getz:_l_?zl_.q ___f,_g__j_b
{g 2 =~ = Iag' 28 r P
'ae\ =% 28
70 - ‘
: inm pg, 68

> This  was mycs Simplr,

2. Imporhnt Pom"l‘ ; X, 1 Now  Enswn |n Cylmdr;gdca;rd;

- 2 2
y 'gr'fr"'gs'{'% * gi—_;-!e

a. examge ' Suprme V= W(G,%) Only . independent or r.

.?_é.:-e&'l;,.%\g + .?ia_?.. and  Thew 8 ne
Laa r-Coordnate,



S

9
4_ ‘:Diverjeric: 1 n cy/mc{ncd Ccm/dma.ﬁ&

e Now, ety calculate . ¥-f .

0. Tn cylmdnca.l_ ¢oordinates ,__wt wnte —

e Etepr) = L pzl e o Florr g, t f Crople,

=5
\ /1-_—.-_"'/

m———— o f0chof thy componeal 4}( bea ﬁncﬁm
— e - RN PTG

b Forma.lfy fake V-f and  REMEMBER that 15 cy!mdnca/
caOrdlﬂﬂ.‘f':S +he unl‘i‘ Vtc‘l'br.s E,, ,e& are Na' can.l'ﬁ!m"
vectors _bhut . vr.mf with 8,

L. NTED . e(®) ;3 €5(8),

unck ¢cirde

e (6+46)~€.(8) = AB s

{ e, (otdv !%/
[4
. -r w.) - B_s;r - ee
2, (9) 2w Both Hese
! Jtulemenft can be
i 4;::5#&14‘65 d;rccﬂy
Tha €4S o
Similanly , qeometrically Show %s «-e, | poes
Y’ J Y > r
Fthe
. . gmber P ke 2 e yecfox,
c So' the cadewd ation Prncud f:rm-br-fzrn-. rem depend on O UA' ¢

. VAN \
.ch ""(Er 3, —a'l,'--f‘g t —z—,%%) ({,S,.rfeﬁg *‘J(g 5—1-)

=t dhe) 0 s Mt

mdepcrdmf- a-F r
m.s,rdrm Hhese g1z
= E{" + &g J._%.e(f, & ¢ 3(990) + 'b_ff_ ( onl terms ;ﬁaf-
r r e ot pass.uc Survive the
F;;e"f ﬁtddm A o i 8 % ims produck)
Lk S = Tr 4+ Cye LU L e.%, 4, | e.e
) e ar xr + 1 %o 1
Wbltd Pmd r [ ~e 26 r i"’ ré t+ Se .;_: _? %?
iy -t 1 %
resid,
. Y'f - D__{!‘ . ‘Fr . J': _4 Eeneral




The discussica wiich hllos on He pext few pags a
ver jequd and c/ar—cfz llews Hidebramd, Try o understand metricad
Fasic ideas taunlved rerampte, Iy h ok aboct thy geo
%( ' ;2 !; kz‘f 15 prokably NOT wise 4@ g2
h memore a of Hhis,

Let! Wi a more qener TEToG ONAL  CURNLINGAE,
5. s procced ore genercd manerfor any T

a. Let F; (20,23 4ea general set of orthogenal coordiates

Every peidt 1A space may be specificd iy the. ccodmates  (%¥,,%,,8s).
X (%) - I Jz ﬁold._!,,'it_‘ﬁ-ud_ and. V:ul ¥ wms‘ ;?&p_m_m_ts,_-.muf.’ )

PN (smila Statement f_%,-Cures Gnd . 5, - curves) . TR
xR 5D . We will aly  diseuss  the cam where the Coordinafe _lines _Ceurwes). .
' are metvell . orfhogmal of each _ point. (4 Soce. . -

f,- coordinate curve

\!.“.ootmnme surfoce

Coordinole surfoce u
& constant -

£ = consignt

/

P-\P(' : O(E,-sa;,,fz'ras, E+of) \\\ /(
Fa: P g
< Yy
Coordingte surface ¥, - coordwngte
Fi-cooramnate $ = constont £z - coordinate curve £, - coordwate curve
Curve curve (base)

- . Unit tangent vectors.
Cuevilinear coordinates.

b, Now imfroduce  UNIT BAade VEC.TOR.S, ys !,'=/, 2,3, (’Mﬁ‘d
By definitiow, the buse vectr 0 the b-dirccton (ndicafes the
direchon of change 1~ vhe B -cocrdincde | holdig the crher 2
coordinate fied,
let X(E;) dencte +he pesilien vechy associated with the § courdinale

o e (/=42 or 3)
Thm.. W deﬁnlﬁw )

JJ.VIEC / ai/bgb l': /’ 2or 3 NTE* Do not Sum here,
f QE . 5o — U » = k-]
/4% ~1 | ®%s; |

-y‘. s afqé_f‘ '05#!.

let  ds = distame ﬁ»‘f" £ 55 rdg (er P 1 Tigure adove)
e, X 2%
gs* = dx-dx = (3—'.) dfd' " S5 9%,
% ~ 2% 3L 4 ok
= J

We Wil reguin  what Yhe unit base vechs be GOTBONAL: =.
e [ 22Tt s PR oger . (2 er -
~p g = I 2%, l i f _i'.z’ 5 ¢+ /‘D—?Q l 7%

L) bx N
serne s b=y D) A - Sl
: . 4. e 4 porde o meaoure
MoTE : ( Zhe: = 4 !,) (wo sum 1) j: dj‘sfaﬁc alon -l
2 2,2 2 2 2,2 =__'(_?- 2\ where mw‘wf.'u'e" t:i;:.d .
P =.é &=+ by Jf, +/)3 /;1 _/’I de b:trgd‘l;;w%u.c; =

-
e




remact: The r.:,ﬁv"e..nﬁn;\ u_iec( here fur Jl:(.';u' :h-(. ;n?-’id'ﬁ far e _h'._|
s nrt eriversal. Sore posus Sefine fie SCRE Factrer
as e :ﬂ_'.'e'SC af i d‘f’h‘l;ﬂcn rere.
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€. As an examgple , consider cylmdn'r.a.! ceordinates (E,'rl E,=9,'§,=i)

X = rese € 4+ rinbE e Z g,

={

pesrion  vectw @
- = | X .
hy = b, = -5?] = \cassgl+m9 g,_\

ho=hy= [ k[-= |=rsms g s remsg |=r o

Y S £ Y S .

T Pliws vhat_the squau of o di&éu-.ﬁéJ 'd.:,;laccmcnt___,-[das)z ) 15 gwea Ly
(ds)™ = dr® & r2de* o+ d2* T

de volumg element

A small element of wlvme s formed by small
Reeall +hat Y+ gt

asmtte 5, \F, , and §  curees, ,
coE4ficients h; previde @ meaaume of kna% or chistance al.ﬁ::j e fccwe.

ddpf:n!.gme-nt

dV s o offuentol element of volume . It s the
pmcu.lblepipcd formed by +the +hree O('H-Loscnai vechy displacements

TR 3%
= 4 = d L2 I ’
%, EI ) %, g?. Ja,s.z -J'Eg ‘

°or  hy &, 4y M 0%, Y, hy 43, U, ’

So Yot +he element of _volume Pllows  hom
av = (hdg y ~ ds, U ) hzdgy U (!iﬁ,artu&
= L " onzd '
A - : > %2 %niﬁmch'-‘)

\Civ= hy hy hy dg  dg, d@
( simlon, % above diteyssion)

dn’F‘F&Itn‘hﬂ-l
,"zdsz u !l

=2

e, surface elements

A Jdifferenhidd sSurface element & descr.bed
displacementy aicm:j o of~ +*he courdiiale curves,

For Q?Qmph' f we tms.aer e syrface
mowhith ® = constant § 4 L S hy dFy =

Then )
= ‘ ude of .
S = | l‘?.dii l1‘»‘!_ " hB dgs \-’3 \ - :&npn;d grves s
dfferedndl eléwed of alze |
in a plane "Inrbur{- +» the swriact,

= hohy d3, ds,
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Exampie 3 Agaun  use eybineral  Coudiaates

dV = v dr do dz

< dS = rdr 48 On_ 2 =consfant
A TS e 5% dr da _en 6 =consfant _
X o ds =

rdgdz o recopifnt T T

£, “The represenfation of a vechr - we can represent any

vector by gving B cempment and  Unit vectors
SD}

te) ce) e e (u)
f_ . 'FI g +hhe o 3 S3 whee and
remnd s UF whiCh
or (u) (u) (v} basis +u
-f = -Fl 'y + 7%. QZ * T3 &, Components refer.

NOTE 3 o scne-’a-L ) {Ltu) # 'ﬂ'te)

and Qiven  one  of +hese represeintaion Con\ ponents
may Calcwluled v.a (we will generall

) (U) ar ﬁ'l‘ Supe lft
_F.te = f. e. £. = -F. U c L U Suice the
1 o~ =] b L - =] meanay Showid be clayr
context )

It = imperflnT 4o xeep w»n wmnd +hat Yhe vech- ‘£
IS +he same . I+ iy onl the  represgmimhons of
the veehr  ( or ,e%:nvu.len Y, B deseriphion via compaents
aid unit vectors 2 Wwhich drifer,

6. Gradient of 4 scalar v curvilinear ¢osrdinates

Ld- us d’eh'\.e V? Vlh d
X = Y4 - dx d fewital
= . + ¢ vecto- dilp
It makew sense b 4hink of V¢ a -

I = }--l.‘il * e Yo + Ay YUy = Nus what are +e M's ?
Well, y -
d,":,= %I dE, + ok d‘;,_ + 'Fg; d§3 = },\d'ﬁ' y o+ hy dE—;‘.’n +hy d‘s U,

S T2
9% =Tdedp = Ahdy 4 An ds, 4 P by dg, 5 %% ds +—¥14§ {g&%
'H'Eh H A — i .@ }‘ = 4 -@ ) = 1 B-Q ’
ce I = R 3§, 27 hy 3%, 37 hs o,

Therefore, in aneral ,+ﬁg_qro.d4'em may be r reserted a3
— > A L = i
Vo= A2 *E’uz%.‘ﬁj—:j v
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Brample t Graseatr of a sealar fuchal ui ¢yliancd/ 2ord.ides
Vo = e 22 + e L g, 2b
v A9 -f.;? 'Gr%"*b%

T+ :s_;e&y_— ueful t  notce +hat Vo “;’Cﬁf&f;f;iz__. vechr foncfion,
o _Components__represett  derivafives wdh resgect fo disfance .

__. wh
tn. Q. _Certaw direchion.  Hence, 1 each Componeat v _muat
basically,  be . dl\hdtfls bya.lcrr .o . dn Hhe abow e rE components

tlearly represent dervahves wrh respect b dishance  and g +he e-direcfion
+te diStance s “r4e", N

In other weeds | & & usefll o Hhiak of Y g5

2>¢ 26 > hece ds, = h,ds, .5 #he
- k) 29 ) where 1
Y’¢ !' -5 * Q?- 'BS,_+ -3 JS; m::‘:nc,: 44.7-.5 v'irg E, Cive B,

'
4%, 70 ( dg, =d§, =0)
and Similarly for ds, and dsg.

. ‘Dwergcnce of a Vechr Funchan E'f in v linear cccrdinates

d. As o prebimunary , we  nshece e ﬁ(lsmrij :
Tare = TFr CHRY 1 h L5 +h d
k [ w o egn o pg P, whem Fogs any ane of the coordeaes,

+Hen
y_?. = :'”_* P fhe (2 Coordinafe (m _gE_I' USE THE
¢ hi SummETIEN CONYENTIOW HERE )

Next, for 'H‘M.S n'jht'-handcd coordinate .ﬂ,.wernJ

= 4 Y A s a
TRl PR == 2l = =2zsrz = .V.-'Ez 253
Ay b2 o hy

IDENTITY 3 V. /Zﬂ AY¢2) 20 Ar any hwice c'J;'rT'MbM'}
-~ differeriable funchems ¢, B

pr——

&crcﬁé P oprow thg 'ﬁcnh‘h’. )

S, cleafly y
Y- (15 *¥5,) =0 ~> 3'(:fsf;)=0
Lt U ). y
( h,h;)_o Y'(}Tl—:)ﬂj'
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b. MNow consider Ef .

In general, {= 1y ¥ £ Y, +f, Uy

So, wt Can wrde

g.,cif% T-(hy) + T-(hy) + € (EU,)

=Y. (h;h N (!; )) + Y- (h hst( %1 ) (h;k‘-;; (.;U";))-‘
by by mhy e ke
But, V= 42 . & 2 , u4 2
AR T R T I,

o thet ; Tor e,xqmpﬂg)

0
: 5,1 = & Jsh ) 4 hah v./{/!;
s [h,,hsﬁcgj_:) ST (k) b hs)

h
= —L D i ngl ‘
h hahy % Lo ﬁ)

s ems Sfm,[a_rfy 'ﬁr he sHer Termg

p N\
.- 2/, E 3 )
.. . - = |k ‘F *= | h J’I 'F v h L;F] ]
2 f /7/ /7:. /75 [ ?El ( e l) F}il “ o L) * -355 ( | D
Example cy/;ridna'd' coordirates b =h 3/ hiahg =r Ay=hy=f

I=f e rhe.fie, = Z’ff?j‘[ﬁ(rﬂ)* 2—3’ + AUk

Hence
B R L GRS R

Examgle - Sphewcal coordingles (ri9,8) -f'{r-e-f f;ﬁg? *‘Fe £e
ket kg e hyshe s rsing

| z'f=,z,,;.¢ [ _g_r(rls.;,¢1fr) +£(ma¢f¢)+ %(r-Fe)J

Y-f — {_!_1 3(('7-{!’) + r$¢_§$($m¢ 'F4) + L b.:b

rsing 8
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. Z = . y¢
B. The La.p[a_aan Y ‘56 Y-
Well we know how t tface V-{ let -F-_- v¢

= v = U J_-E? =
= :E I¢ 'h,‘bfl +UZJ.?;2+ 353%%3 'ﬁu|*$ gt+4393

. .Hm,__édbr\:mm"ﬂ > egn ). o pez O

(h:.ﬁ‘gf) 31, <52]:,’?_¢ )+ E

™ é/‘:hb

Example *  cylindrical coordingtes (rg ) Aeded ) h=he=t
‘2 ) *
> V¢ =75 ;)" r a_e?‘- -{3}1
9. Tee wal YA
. Once agun, we be2in wth 4 usiful preliminary

We  knod  hak v ,V_¢‘-'- 0 fr :Af scalay Forchon ¢ So

ccrf'a;&fy
Z“Y_E[ =0 for 124, 2 or 3 (E i o of
-rhc conrd.rad‘e.f)
BH{' u- .
¥g. = = 2,2 or 3 (oo ret Sum) = sz p. B
l P } - F
Sa  thodt y

v 9‘/»,;):0 o 24,2 or3

6. B 5 now :‘f?a:jbffbrwmd o caleulafe g“‘f as Shown befow ¢
f':‘ﬁgl ""F'a.gz. *'FS 93

For example, fint  consuder g+ (4 Q,) o
I (fiy) = Zr (N g—;‘) = 2(’“'&)“% + hf 92 "‘/h;)

(hc have made uwse of He fact +hat VA(? ) Y¢A1 -+ ¢244)

=Yyou Shavid be able 4 prow s
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4, e curt (connnved)

Making use of +he 5cncmL defiation of Y, (p-8o)
Thu) = I(n4) 4 .;'_‘ 7:,"7*?.“{')*?; 3 (hf)+ u;a hﬁ)] z,

——— e ———

-y 3 (h4) - i o LT Sce Y] ‘U=‘U |
-i) z#ﬁ‘sﬁfs(’) hh"’?(h{-)

J_‘ !g-’ 27_

The other Hwa Rims  of Yﬂf ane
Tne je:u:)a.l feault :

114 =

Cledatd 1w g Similer manner,

h;hs['bf("”) ~%, (st )] "ol Hs(H 3%, H”]

¢
* o 1Rk -2 6]

Wheh can & erpreaxd o

g, i, b 4y
YA o= Ul > 2
~ hlh:.L'S 'SE; {El -b§3

h £, LNE T

=> The special case of <fhndrical coordinates (v,

& &) s J‘;‘rafiﬂ'fﬁfwa/d
b= hef

hehe=r  hys by f’?crgf*ége*’g‘
yﬂf=§,~[-;—%-3;et]+ea[b4 - % e [ o

Sm.,ja:!’ w  Sgheqccal tterdinaes (h‘-h,ﬂ {, ha=tpzr ;,,-:A,:rs'..p)

9= rm,s[ﬂ(s'“”& - B4¢}+ :;:cr [2 ‘afr_-;mq;a (1 fg)]
"% [ k) - %]

—
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A  An dntroduchen 1o Tensors # Dyaducs

A Prc/:mma.r/ remarks

4. W now wish o cencralite our tdeas concernuy vechrs to

- ob | ects called” tensors, Yo wil by._bo'rh_ T describe
o Seme..of _ the_ mathematics _of. tensorr and_Show. e
e WhY._8nd_ how - they. Qrise__in _physccol _ Scyahenr e

b _The ldc_a __5__. ,Wﬁ_ _,_ht:n‘\;l;.—:,-Pl’c vi oa';s/y descr b.-_dé_s_zal_a—r;-g‘—_\fc_cjo_r;as i __ )

scalon = _'c'f:«'qro.'o‘i‘er_l'i-éd by maﬁmTUdc e m

veehr = charactenized by magndvdé_"'_f direction
Now ~~+ 2% der densor - charactenzed by majhh‘vdc § '_Iw_g dicechons,

{or a dyedci)
fey@rded a5 onc

C. YOuL hgve aC‘f‘UQ“..! seen $ome.+ﬁwiﬂ VC)V SLnulM b&'ﬁ)r‘(,

For A‘_c).canple ; the vecthor a (J_gg) cowld be
wr fen ~

g 'l_a_ ‘ 2 NOTE 2 T ehminafe aa
-7 “Jambiguily, vechr
dyadic q operatun will be
! ) definad ;“‘“"m’,
whch has +he Prbperfy ab.c = 9\» (k.s) 4o :chbf-:."m

Lol o A

Thio pourls +he  Pllowin tmporfark  pryerty ¢ gscng ek
noﬁhf:'ﬁ’ the quﬂ.n‘h‘)"y 30 b may be Wr:;%.o ]d -

g !3 = 0;- {J} €€ .J- { Summedion  LonvEatini w z{.fcj
Ay . .
‘g‘;;‘sf_ﬂ"‘}’_“ 2. direcfiow fy = Lz3

d - These mathemarcal 0biects Hat regue 2 dpectiomo (o 2 indices)
P be defined o-ffm Coericspond PHYS/CAL S atrens
where  phuswcal properties are different 4 dffereqt directions,

—————

( Se page 105 )



2.

NAIE: T will aleuré always adept the notfahin
thet fowen cane leer are vecherr and
Ugper case Ietfer: are tesisors,

/00
Definthon  of a 2% order dyadec
a.Define He 2% order dypde T by T = ab
and QS::Q(H T the ‘fullm.umj = = D
cpLrafl propeahies s N
. F# -y
L ! » - L] z n a
@ e:T = &4k =(cg)b | (en){fnkhdy
@, T:-¢ = ab.g = a(ke) o
(i) T T,5,% are dyadics +hen we abe definé smmard
linewr opactians - ‘ e
cefT.+.3 +R v )= . Tx -S4 c.R #eee
(I+-§+§ +".)'C = =.E -‘-§.S *E.E PRl

(as you would exect )

NoTE ¢ = & Vechr con be thought of a5 a fist order dyads or fersor
i

and @ sclar ¥ ¢ W Ngep, Wt & &

= The nner product of dyadic and a wecter
produicas a  vechor

= ORPER 15 IMPOZTANT ¢ E‘I 7 I'E

: . o raflc r belwnte
b lswg index noten we wee (Aot e s beteeen )
a= ¢ €& e b_j%;_ = L= ab g
So e
1~ wdanke - wa)yg -
and l-e = QI' bJ gl.%l. 'CF-gk. - (qn gi') 5-6 = 9"(,& 'c_,)
*———"—Sgu
AH‘emamvcly, W can discuss I = T'J gl. _Q;J

and speak of  he 2% orden temwor I.
,t‘ req,melo 2. indicee o
Chanacterree completely

NOTATION ¢: T dewte g 2 order tensor using 2 underlings

i ’&, Vet will be  Jower case and zn_d order tensors u’”um:c)



i vk done by ¢ furce ach +Hrowh & dsplacement d {.
gfsrpk . : 141:; v;: you cobld Zéooce 7o mﬂqahurugf a 4 lexcur On-.aam- "'
hnear operutor’ -ﬁmj- oxe fed the daplacement o

) Weko 4 sl we call work , §.d_
0/

3. 2% order densors An aHernahve way of mmg aboxt #,

-:4?'
4. A 2% order tensor can be thought of a5 a ‘Machime”
that  has a vechr for it 1nput oufpu{s ancther veckhr :

_which we  dencfe
- -Tra-= b

e m £ .=~

operatng anad )

oL = nd : perating
b. Car fcs:an.‘.._mzponem‘r of & 2% rank fense ety P’gjg‘f:f_

COﬂ.}'IdCI‘ an drb.r'hu?( vec/ar S—Cxe f-f')f + Cg
Then, f“om Pormad Speratinal’  vidw

olﬂf)
Jre= o L& + ¢ Toe t G Ie ()
But T opeiate on vectors and pmduceJ other vecfors
= So, for €xample, w4 Chwose t wrte <~

:__[_'xg; = Txx €x = Tyx QY + Tax €=
and  sim: lanly

whih b o vector

T-ey= Tye Ty & ¢+ Teygy
I-¢ = Teey + vz 8y + Te €2
Ths|,  since Cx = c-¢€ Gz C-8 Cz = £-%,
e e - I Y %
Le= T & 6e) ¢ Trgyes) + Ter o)

* TXY ey (-QY ,.) t Ty Sy (?,YE) * TiY €z (‘e'V'-C-) ,
: ht
T () * N &y(e) + Tee € (&-¢) D iﬁgﬂawﬂ-}

Te=tT g & + Ty ge + 7 S | €
+Tax S22 8 ¢+ Tzy S28y + Tar ¢,
— Yo the sef of dyadus

€8x, Ex&y, 8,8

The set of Carémn rep resenTafion of +#he {-x—' ’ Ty
?.?uan 'T:' are called ordes #&n:a»- 7 €y s ; 3a
*amm mv;adnen‘fs of T. = basis for the 2% order

tensors.
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3. 2% order tensors ( tontinved)

€. Sorm samplc represenrafions wwsg index nifaTIn

&--

vy

el = ¢ -Tegea = qliee.  (aver/

Te= Tysisi- e = Tye & (aver)
- — ___-‘t - I{-jk_- . - - = e i ——————

=> RULES :  Neshng conveahen = vecior, operations occor

between the closest Pa,j,r
of unit vectors

Brample ! e

Trg = Tjeg coe =Tyce g (€°6)= T Gum & €

'?lord-er of unt vectors 15 now imparﬂn‘tj

. | )
d. Notice  +he simclaarty  with mafrices § A 33 aatny [: : :]

has & entri€s whith wWe can thuok of as x x X

coriponents of 4 2% crcer fensor

fa.c.h of +he components of a 2% ,ani teasur , ﬂ’“:‘j’é

ras fwo directions associated with H,
e. Nohice ‘hat .

4.k 15 a Scalar
(I generad,

) I ca ave Veetors E'_T# Z'E’- )

_Q'T.E y é_l_:_c_x_ are Scalars,

MNote ¢ Ta 'H’\i. expresawsn. ) Q-I--E , e ordet i which
Yhe inner predvety are taken does not madfer,
To sce +"!Vl, A-"r_
—b 27
Q.l ‘b = (G:T.'J‘ ?.J')"’r.-u = 4 ’J{’; (’-‘_Zl_L:'“‘ UJ)
and 4 > QJ o
a-(T-b)= G& - (Tube§)” = o' Tobe

~

o (2:1)-b = 2 (Tok) = a.T-b

owever, w genwad , 2. Tk F o beIg

r -
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3 2% orckr  feasors ( continyed)
7. The umit temsor T is  defined as

— T = .
R I

Krenecker
delin = J
i O 0)
and c,l:.o.rly hto e PW g;?
a-1 =q o T
I ..-bw '..‘..2
4, H‘ljher order 4ensors - It 5 strughtforward o construet
hlsher orden ‘fe)jmrs 2  Add indices
Q. ei:gerc we. will only mephow thid ordern tfergors ( ,,fdefj%m
‘)
g S; "l §, % g IJJJ
sJk rcp'escu'b
, . 2F termo
Notice ) giver He  vectyr a_qlef,
Hhen &
g-§=ajgl'sfjk§_}_k_ =aslk.§-§“-

( a 2™ order 1‘50:0/)

S;Mlla/l )
f 5 a 2% ody tensor

o)

b Permutzfiol  tensor = S = Eje ggrg,

whey  Rik S e permilahion symbol introduced eanie
When  drsTissing  +he  vecter product,

Exercise ¢ Shew I A ; =-_E_ (éc careful
= = = With ordey,
of vector
operafrons and

1ndices )
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5. Symmeine ¢ Anﬁﬁymme’hlé tensors

a. Recall the transpose of a  matrx
Ay An  Ap T _ Ay Az Az
f A= {A,_, Azn Azs‘} Hen A= A A Ay
LA A A AN VY PO
trompose

Furthermore, & mafx was caied SYMMETRIC f A =AT
and wos  called ANTI-SYMMETBIC 1§ A=-AT

. A A - . Az
Aw ATR [ A0 AmoAn A=k =[O Ae
A Az, Az A O Ay

A1y Az Aas ~An A3 O
B, We mw gnoallze Vhes ideas to 2™ raak tencors
. . T
(1) A 2™ order tesor T is Symmetrec if I ‘I or -ﬂj:'-‘:;f.

G) 4 2% order fensor T s anﬁ--\'!‘mmdni f T=-IT or {i:-]:j":

-

{ aﬂdojﬂls b mabwes Shown 4éov¢)!
=~ oal b (ndependeat componcimy

Seme l.tnpor tant properhés
$ymm¢‘h1.é Hiser =2 TiJ ’-TJ'E
arti- symmetné densor = Ty =Tl = o 3 iodependet componers
é and we wil see 11
homewvre  Hat an am-i-fymmefné

tnser can be represerta USeng
a vector.

¢ Ever a'""_ order tenfor can be expressed as the sum
of a symmetrec  Gad  Ga M‘symmefm." fessor,

For mmple,

aﬂ'h-rymm'eﬁzc'

(this 75 analogns to decompesihen of @ Ffunchan wato
even and o funcfions , p, Sb)



AN AZiDE

So,  now !
D.bJ'CCf‘ thed (/mear/r) ‘Sends

This  dew s paticlanly . yseful
siafiois  where | Hg '
different divechens,

Tenrves and Hu P/z7.ﬁc4/ worid

you have Seen that g 20d

gsml__p roperties .
and . you are.
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order tenzor iz q rnatlie.naica
vecrors wato  pther wectors)

when  describing physicay
are. Z‘rg’éent tn

rhprefcvm'g .@uantiies  characterized

Exam-pJéS 5

by _a vechs,

) curreat 3cneroxad
de 1o an applied
electrie field g

(ot

@) Anguion mongatin L
W a Pom'f for

a body rotufinig with
Méu{ VBloy }3

Persenally , T fird

(u) ¢ U Hhe :mp(e;sf' .

prsical sitvahon whe suﬂcil e
risoric

it o (S itten of e phral warld,

() hear 71X @ que
° a +herFmal
radient (j.e,a
perafure difference)

:?-_

raat
Aur veLir

( entray
area hme

)

A practical examplc
Like woed, For a
more <&ne ¥ I5
Than acrosy’ the

i the matenad 15

() STRESS TensoR - fn

7

e requires

n T surfqce

| (’Lr . ngncrc.a:my .

current de
arear ime)

ach:'? on q_ma,fqm]. o deseribe The Stk of Stress
€9, &, . netessary o | spec

and the weeh Rrce,
NITE: Surfuce orientxhan s gnen by"u unit nermaf
ve cto

L

= I.::_J

v
mowent of
inerfid fensor

)

(claasly, fv a given
retation Speed, v
)

Mg nlaoe yauies
on He axs, o

<« Generalieation,
of Fouricris [

of heaf Conduchion

9T

= 1<

Hermal
cmduleo‘\‘y
tengsor

s actvally o mateqial
IVEN
ar.m‘emzd alon
rawn ~

ddferent th +he 4

Tempenatine  difference (. or _ZT)

the graut

“
c;?;cchw,

(Pree/onea)

at a it
f~y the ORIENTATION of £y
> 2 direchons are the

—

the +her

veh

ferent
wieraahon about  Stresses
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5 Transformahon . Rules. for_ Tensom* .

> We now ernwm__hm,»_ nGnﬁLﬁme_chquC;
c.hargg m one set of Cartesian base vectors fo fo_anather,

oo q comk_uwgmj_Mz_Mﬁ _
_'.. S w "old" sf of bow vechs & /
— N

e,-"t. “how? B W U

-S\:r._! yo Jﬁgy—m:__ﬁr__-m;__wmgmmt_at g7

hyen'fseathis 4 veeinr, - e/ . __
efoe Wl dchs ( remember, thet n.__ve.mt_,_aq_g,_,_is- !

_az_m_ with_ respect. fooa_ch -of _ coordinale _ sv:fzn
Jn&m_r,_ﬁe__mgrcmhhm_ +he  vectuc i ferowof

— cleant dzpendq_.m_ﬂL_choocc,.aE._ﬂL —
. ...--.________Ennzd_l_ﬂm SW) f = — o
o e T components a:,a;’ |’
: B G- g e Ly f«swf-. D)
- i ' —— YT TR I

s ~ ] 1 %
- TETz (0 6:)eer eet) "
E——riy T 7 =a; (g-e &) T
. C._Definitioh 3 the_ DIRECTION. C8INES _beweer the qxs duc given &
_ __ m,_en":“s; _(cosine of e angle betuee,
— R and &, _
ji&i'__t";w s T S A g
— _ — \ —- TRANSFOZMATION RULE
éz) <~ ( 4;’ = ‘?/ Jl' —FOR_THE COMPOVENTS oF A
e VECTog,
—— Similealy, T T -
i - a;7 (g 9, }
T s . £ ndices
‘Notice how 0’"’”’" 4
- T
"::'_..__ Nefice ¢ _." L,
- Substivhng G _isb 0T T (e £ )3’:’; = ¢ e
; L _i'u;zamnaua indices allous e conc.ludg_

_-___:_i R YL ( 48 ) @)

Similealy Exercise t kmastnk
Hese ﬂdﬂ# oy Hr
younse




d. Frpeche of the Ay T ""f"ff o

. f_Shain_on +ha _previevs_ ?“9‘—’“—&‘—‘{/‘-7 —— & f—‘_:" J{_J:_ e

___"__.. So, :mu_ﬁz__Am_ VECRrs 1 ewch of the coordiate :,z-ftem: -
e are_orth p -
Gttt 7
/5 -~ |
_ P ,LIM 1km = ud',_!
== LAy )
T N e
—— Nohce i one_can uie  tie dime -2 epns__in_usefud mp.______.___—.
— A Fec_&mnpk, begranag with _ egp c’z) O
ST R AP L dee T afr mué#ﬁfffy 5‘“
i S A ~"—v3'j— Bt 2t 2
. - e T T e T e same vesulf as egn ()
— - e o - 24
) > " Hie aboye Wystrates — +he derails of how -
e —._Yhe Compments o a vectr  _Draasforee when o different
N Ca._ﬁum_cmrd-m system IS _considerved. e -
. e Now , cansider _ dhe. trans‘fbrma'hﬁs_n_ rue fr 2% o der fensas ]
T O . —— e ks e -« wt.’u‘nwhow
—-_.--‘-j-'; - . jgtdm t = J‘ 7 .. - U . ?rc“ns -
e The_ Z‘efiL'fmfw ‘Can _then  be repre.cenﬁ:d as._
T e — L ——— e e ,
———— T Tj_.e .S.____Z (lu.- Qy_)(_.g,,.ﬁ) _____ 7./,“/,,, exe’ -L’e'e:
By = "En
o .-__ﬂ--_'_g:.._{_:";j Lie ‘-(/a ) ..___Z'rmrﬁrmﬂ'wh rule for the Componedts
e e ot L . e 7 coordhnate I}d’fem (e
— o e E e .- rddm. B the mamo.! Coordindhy :yn&m.
e Sy, T ng (4, ..n)([.?/ _,,} /‘H‘C Coln= Tiw E.8

_ o~ lTlr.m - TiJ 'tlr-l‘e.j > e transfbrmcd‘lh ﬂl“ ﬁ“

v.xgmx led“ to Veld? ol !

wm’f Agm,ﬁ:u can do Yhe Same for #urd srdy fosors S e &€ S Spgr & 6 €
and ane findo

/ﬁr = Yk !‘P"}? £ I = pgr 4ip Lg s

G TR ——— e v e —
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7 Remank 2. The “defintion” of 28 ; der fensors |

 0n the _previovs Pf}?" W Presented fyrmalas which .
- - Show. how “the__compoXents_ T a tensor are_relafed w
-.—diffenent__Carfesian ¢oord note_systems.

L . -
- 7;" = ;.;'.' A‘“‘"'{]’ﬂ[— ¢kﬂ-'“ - ;EJ ig" fm‘
o where . ) Pl
4= Tem €x Em_= | Twu_fu_.-é_

o —tence,_gqiven the_companeds of T Tir . veidh . h_the o --axes,
,..-._.._‘ﬂlﬁ_t&!!__mmfbfmﬁ’:t ruies ;pc mt%n;:t T .-

. 'T,' n_any oiher set _of o ht-hand _ edr fecsan. 6lrbenormal
_ ._____.___.___JlﬂLlé;ﬂ,._efL.. — _‘i = e e

e _Classical _Greqtments of Pensor_ offen TEFINE a secod .
..... — — order fenser _as that enlify  Whose _compopen®. ox any, e
erery, dva  sefr of ' Capfesian ares 7ansfoen °
_40;&:.1{1/5_1’1.1& . akove.. )"Z&,.. _The 1wo approaches
nwrtnn'f.‘!&. (e firgt. ilustrated ow i186-DF or +he alternative which
e Simply  defines a fessor viaVte abowve transformation rules) are

- fquivalent ad we will caqlf Gny entiry whoSe components

: n_s,_.rm__a.ccnrdnig To these _rules’ o . secomd order tensor,, S
pereats) e

the T AN_ample of heés 1. e
my———lgpose s ‘Compoments’ fif.are given Aor al Carterian gres,

— =AYy Sugpeie  for all vectrs a2 q. e. thet . ar7ie s a
e : chzlﬂrhcn_,_ I= T;J' :;E"( #a:‘-;umﬁ’? Conrh'y’cfcy Bom the
- _.___......____campmk_Zg;L.nwt_.u. - Reamd _ardid. fensor,

e PrF T i he abow Eransor mahen. _which Spacfy haw The _
—Lompanentt_of 8. secod oreey _tensor are aed, . _

R a'—ver-iar 2 T = (g T ) fnj’ 75, s & ho
e SRR ST ST, el
Q= -ap'dip. . . .
ol S q,-_r@" = @;' A Tem lfj. aFfu alubelig p e
or. . at'..,(ﬂjl" Tem. fui !‘"ﬂ) =0 For oll veehe a

o

2 Tl - -f hich s +he transformaton.

= Tom duitng whi B e compaments of &
Secard order 4enser
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& Isotrepic tensors i

@ Defitan. i Ay Fewor whidh. has the Same compogents s ..

e~ dll’ Cartfesian  GXES_ (S capd an /5o fensor;
.__"__:;;":;;_.m,._m_ﬂ'e":..;r}'z"\;i&}_'ﬁh..p«'a}-.{;:;;'é}-mmd Aow o represent

the conpaens_ of yveclirs '8 “tensors for different
cartesion coordaate axes

_ b Pecall Yhe wnrF teaser I = J“;s s_-

What are e oompients of I, &, relhé_h the laxe.
e Welly, Fom py. IR,

i Ay E e Ly T T T

- e LWL = AT il e et o

— e e ¢ e
S A Z____ha.e-.'lhﬂ- same. . compments (d;) _ - ) ]

_in__all Castescan Sjcsf&'xr,.aaa’ heace. I w called an

e trtrope 2% Grder fessar

= B can be Shown Yot aput FHan a orulfiphealie consthl,
e vnit feasor I s #he only isotrops 2% order fensar:

oo G Litwise . consider he permutaten.  tencer £=C%k &S

- ————— .. &, ;

_.‘_._.__._._g_s_e;‘j.b e e = E’\'.ju. s;'%-' €. A the pruned
R : Coordinaie  sysiem

Fiﬂf,n_aﬁt;ob:crvuhon : ) 5,3,‘_' = & '(ij""gl.,)

S o U e e et e copuct Gy o €4
- oo Cg e B

Erer e by g her = G710 Lp 4y Lo

L lys)[lesy e

= -S‘P[ -A_' (g;_d -@r’-)’ d= ‘F?" s;,ﬁ,& becaot
&,8 & fm o
rghf'-hardd or ”'03‘“"1

= € isa thtrd order coordinate system.

[S‘a *VOP“ ‘{'Cnf or:



i, _.-__.l}&)_fm.\’tder .

4

{
. =By ¥L' =¥ ﬂml
let  £=4 e; ".-F' & b a rechr fied. "

Consider +he _der: vahves o-F the £ and £ with respect 15 posihon,
—r——and- #

9. Example: o change of cartesian axES_

3X.' BXJ

e _._and_w __k.naﬂ_p‘_&}*'n&m_fompoaeaﬁ_aﬂﬁt pu‘(ﬁm wda,—
———Sahsfy

—_ !_.___6_5 X‘_ = X‘._.{II = b—xl = It;j_
"Clearly, Via_the_chai nue:_: S

. h{ .
_bf._.a_-H,c i) e 0T -
W o o -
= 2, - whith is_the. Trans formeth
R TR LIl Yoy S ok

- ComponeTs of " a 2% o, dr fenser
There fore, 3_{9 (w 'bﬂ' ) represents +he compments of
LLd 2 '3)‘J
a 29 order_+ensor,

The  netaton _gencally “used s Z‘f_

E;E'J'

:’lt}
|

R : ¢
9. Scalar_Invariants. = scalars simply have a  magnitude
q. Example i consider_._the scalar ¢.b

s a. b=4&5bi =6 : b ’T..—__ __dnd thés s«lar

e T . 1S an JNVA?.IA‘NI mo
-eem _Words as +he mme )
“To demonstrate +his the valye m all Cartesian qres.
transformalton_ rules dnicussed ear{:er e

S e,
,--q‘ b; s ﬂ'[JL b fu = bg '{/L '(m. = Q. bk

b. Examplc 3 IF T= TLJ 5:__‘; —_Ls "o secod orier tensor, then

e T 05 . mva.nuf-. A‘ : cp:mﬂpa‘-'
=2 Tex g

& Tew 2 Tul = Tun s an :H\{A?-JMT (T'“ = Trace (1) =tr I )

¢ -

—— -—-
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¢, Invariance of +he Divegunce of a vechr g..{.‘

Stnce Y-£ = bi[- and . Scncé _ "b'f‘s_u +he

: ; =
wmponent. _of a second_ _order tensor ,de T TJ SJJ,

T en ' hllows thed Rcwu_.__w-__JuAt sow that Tii 1§ ;:____;

T L\nvnr_ﬂl\f_,__t_obo _must._k._mt___fhg_‘ra D;u _
. B.o0 Wo@eE, " _ O
e __Remank. °__S0mE " ADDITIONAL ”4-47/-‘%/- —— .

m“,_f “The “ Doobu Do‘f pndud' Ty _

T The -Futlbw\au_\ wetwhod, (o donetyng, vsed 3
e ¢
ak ¢ cd = (a-d)(kg) = 2 scalar

5o, Hr tWo - second  order -R.n&or:.' 1" S

3

r-'—'_'—'zj
T:3 = ‘th. :Sui Sk &

S o = T'J Sy St _‘%k- = Tiw Skt
. e . : y

< . - neté ¢ Mme}&: fwe indices
I:7 = T = +(7) e T Same
o “Frace of e second arde
- - fersor; 67 summation  comn fiox,
o T T frTcT,-f Tz.,_sz.g. (;«l.;b-.

LI il )
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TorPicsS 10 &l are basically for your
sverall educahew. and are :j'”‘c“'“' 1"’ Ty B g0 oy fw iz

deas  how the congpty of a tensos arise tn" dif{eren

gvon o o Fundamental o The descrigha

/0, EXAMPLE : The Stress Tensor " and” a basu umderstanding

of +he deforniahon’ of Solids
- ——_and. The_flow_of_ fluids
. @ Why is_this_concept_oseful? o
. Suppese_ yw were terested (A the State of equilibrumv of
T T materal. MNewhan's law apphied b o smallpiece of & mdbual ..

- .
L P S Forces = masw accelerahion, ,
"7 TTE he_moteawl 15 _simhonoy_and af equilibrien __(acceleraftai=0)
" when . whe _sum_of the forzes mn o pieas of the matenal must. balasxe,
So, now_ . consider the small cube of matetial Shoun below.

O couE, we Wl Tequire ot~ all e freesachag o o

3 A Bsadbnd Whiadibbidi i, ot oo s
% G2 d;; M this_ body muwst _balance and it B convenien
G3) ",xc_“_,__.b-_,denoi-e the forces. achnj o each face
% T e vk T
4
< 2| :
( S -'tm = Oy & «+ T € + (i3 &

{ G ~

_ R ,( e i T
- — E ﬁme Joags, om - :
_the (onponent of the
drechon onthtface L g, .

In
Wd : ‘t(i) = G';j 2‘3 % Msiress vectr” = focefanen
~ - i _on face L Ei

k. Fur+hr.-f_r‘-l\l;;¢“.."..'i-'ﬁcr¢ is a__va beautiful ré.su.Lf: due to Cn.ude
which, considers a. tetrahedvon -sha matergal volume
and applies _the_principle +hat the sum of the forces must balance,

B e T -
b e~ (CAKS RBUT) TSR
N =y "'f'.;{n)': Q-g —for all h
-49.)«—5,,,';,,“ : m ~ AN .

3 -
---—on surface—— —— - 'stress vechr - (forte jorea) oa
. —— __with poraal _3!_ e e . Surhcc with - nermal -l'l

...;_T:-W-'__F_.r...vamu.‘..._”‘eﬂ”f “:t#) O_: must b&
U S| . 2.1 ] L-md erder tfensor,

RS- T O S L i - B——

(no wohan) .. ... _volume of edenial __ s-_':_‘f.!_r_.__ -
. : S z)to acee lerafion
e =[RS Cconthen or
T T T e T Y Stafic

) "_:"""- oo _ e*ufl.lbﬂulﬂ) ’
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C. Egulbriom of a conhauass wmateral  (conhaved)

We begn with A
T o TfEgaTE o (e e
T S S S—
__'___ e now 2__;!¢ggcnce Theorem , whith helds ___
. . tenso 1.8 2 :
DIVERA y -
THEongMCE = f ”"Ld& 'Fd\/——- .n&”::ﬁ L'J;‘ ds" -a TJ— "L-"-
“TEANSORS | 'rnf;&}—"_ -
_——— ﬂnso p— - - P
eqn (4) becon\r.s
R G whick - is frue for -
S ¥-¢ &V =0 arbrrea vdm.eler:ﬂarf moa
\Vs ' bedy at eguilibrium
and swmce the must hold ﬁr all \olume elements V we conclude
Y-g_“:o (of 3 C'-iJ -0)

If you were B wrm *ha g ) Yé" VW & VgL' SO
¥.-3=0 represents 3 egas , one for cach Cumpnent of the vector,
Se, )

26, + 2 0, + 2 Ga =0

?"'\._.“ Xy 2! R 3y

Rtk > 1a  _order b proceed _ further |
"“-U‘f' re.lu.i'c +he stress ‘l'e,nsor G‘

.. T the_ small displacements thot =
_ — __OG_CUf_L__‘t‘!"L__MO-*UJM.-__

PeAm e e mm  m—m am— e a

ey -l AP PRt -
PR e d
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)

/A The Moment of ITnertd Tensor

d In He sty of the mechancr of refafing rigdf bodies , . i+ 1S necessay,
o knod Angulane momentum zngd Emede cnergy of the 0b ect.
- - W will_new_s& Yhow o 2™ order

i .'I-cnsac,__naimdly__a.use's..__._

denjor, Ha mament of metha,___

o __é.__Co@.dgL_a._ﬂald_' bedy _spinnrig _weth angular veloer @_about a.
. Tized  pount. o, d,— i ? _J_ d)L

.~ Recall +af 4 a point maga -f'ofv'!—'y
R at a._lz(ja.lwz velct-ffy & Aboud Some

=5 ort'auv, the ®Rehd) ';{loca‘fy o . . T

-._ - -
- 4 = WA

—— ———r

ex A

e and. He_ anaulﬁi memen tum akad 0 & (,,,w}.gﬁx)_
%, the ol dayu[u maonentun

‘é of the r.'j;é’ body i3
sw

Y=wAX
L = f!"ff_)!} vV e ff 34(5;4-‘5) gV
- 4
v MaAalunse v where €iciy posut of fhe
r19id body rofates with
e ngulan veloety w,
but .

Exerciie ¢ prove thi

e XAMWAR) = () - X (gow) toares

T[eYI-5]ew wher hpgeg

.-l-‘:“' / [r’-; ”53]'_@ v or Sine wWe 'cun:_fn.rf‘
. Vo S s v

ko= ._'_f'f(f'""_‘I. -}iz)f &V -u = "__y‘: W

here e N o t of inerha
eie oy O e (2T -xx)p v = fomentof it

T t——— e ——— - ety







