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Deduce a new, improved answer



Why do soccer shots occasionally bend, wobble?

My first scientific question...
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OUTLINE
Translation of a sphere

  aerodynamic drag
  Reynolds number
  boundary layers
  boundary layer separation
  surface roughening

Translation of a spinning sphere
  the Magnus effect
  the reverse Magnus effect

Applications   soccer
  tennis
  golf
  baseball
  cricket
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Striking the ball
  the dynamics of impact
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What trajectory does one expect a soccer ball to follow?

A preliminary question...
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Ballistics

• cannon balls in flight do not follow parabolic trajectories



Aerodynamic drag

U
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ρ ,ν

  the force you feel in extending your hand  

Drag density speed radius

out the window of your car

But when is it important?

D ∼ ρ U2 a2

Shouldn’t the trajectory just be parabolic?     No.  Why not?



Trajectory equation in air:  no spin

AIR DRAG

mdU
dt = mg � Cd ⇡a2⇢ U2 ŝ

B = weight
air drag = mg

⇡a2⇢U2
0

ŝ



Ballistic Performance 
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Weight
Aero. forces

=
Mg

ρU 2a2F(Re,Ro)
~ M

4a2 Sport           BP (         )

Lacrosse              35
Cricket                 32
Baseball               26
Golf                      25
Soccer                  15     
Ping-pong            1.8

Equation of motion of a ball in flight
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M dU
dt

= M g + Faero (Re,Ro)
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, Ro =
U
Ωa

where

U
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  indicates importance of aerodynamic forces on 
    the ball’s trajectory

  aerodynamic forces dominate for large, light balls

€ 

Ω

M

€ 

ρ ,ν

€ 

kgm−2



€ 

ρ
∂ u
∂ t

+ u⋅∇u
& 

' 
( 

) 

* 
+ = −∇p + ρg + µ∇2u , ∇ ⋅u = 0

Translation of a sphere

Navier-Stokes equations:

Boundary Conditions
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Fh =
S
∫ n ⋅ T  dA
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u = U

Hydrodynamic force on body:

No-slip:

Stress tensor: 
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T = − pI + µ ∇u+ (∇u)T( )
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Aerodynamic Drag:  force resisting motion
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D = Pressure drag! " # # $ # # + Viscous drag! " # # $ # # 
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ρU 2a2
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ρ ν
U
a

a2

Reynolds number:

€ 

Pressure drag
Viscous drag

=
Ua
ν

≡ Re

Re << 1: viscous drag dominant

Re >> 1: pressure drag dominant

Sport                Re

€ 

D = 6π ρ ν U a

€ 

D = 1
2 ρU

2a2

Soccer             425,000
Cricket            150,000
Baseball          150,000
Tennis             122,000
Golf                  79,000
Ping-pong         73,000
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Momentum equation:

Steady inviscid flow:

Bernoulli’s equation:
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ρ
∂u
∂t

+ u ⋅ ∇u
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* 
+ = −∇p + ρν ∇2u
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P + 1
2 ρU

2 = constant throughout fluid

€ 

∇ P + 1
2 ρU

2( ) = 0

INERTIA VISCOUS

D’Alembert’s Paradox:  there is no net force resisting the motion of an obstacle
                                           translating steadily through an inviscid fluid

 u=0
high p

 u=0
high p

max u
low P

max u
low P

Inviscid flow past a sphere

acceleration

acceleration deceleration

deceleration

we can’t bin viscosity



Boundary layers

   the thin layer adjoining the body surface
     wherein viscous effects dominate the flow

Boundary layer thickness
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U 2

a
~ ν

U
δ 2
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δ ~ a
Re1/ 2

€ 

Re =
U a
ν

where

  prescribed by inertial-viscous balance:

€ 

u ⋅ ∇u ~ ν ∇2u

   for sports balls, Re >>1, so boundary layers are thin relative to ball
e.g. baseball, soccer: 

€ 

δ ~ 0.1mm

  boundary layers contribute a lateral stress (force/area): 

€ 

τ ~ µ
U
δ

   SKIN
FRICTION

  boundary layers also may alter details of flow around body, change pressure field

   required by no-slip condition on body
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 The influence of viscosity on high Re flow past a sphere

 u=0
high p

max u
low P

max u
low P

acceleration

acceleration
deceleration

deceleration

   viscous boundary layer of thickness                            adjoins sphere surface

   viscous resistance takes momentum out of boundary layer flow

   boundary layer separation, stall:  pressure within wake equals
                                                          that at separation point 

    symmetry in p field broken, low p wake           large pressure or `form’ drag

WAKE
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δ ~ a Re−1/ 2

SEPARATION

€ 

δ

a



Bluff body:   drag due to pressure drop associated with b.l. separation   

Streamlined body:    drag due to skin friction  

€ 

Dbluff ~ ΔP a2 ~ ρU 2a2

€ 

Dstream ~ ρν
U
δ
a2

where

€ 

δ ~ aRe−1/ 2

Ratio:

€ 

Dstream

Dbluff

~ Re−1/ 2 << 1 streamlining hugely important







Streamlining in sport



Flow past a sphere: Re dependence

Re << 1: symmetric flow

Re = 10: steady flow, boundary layer
               separation, attached eddies

30 < Re< 150: periodic vortex shedding

Re > 300:  turbulent wake

Re > 50,000: turbulent boundary layer

Re > 2000: fully turbulent wake

SPORTS BALL REGIME

€ 

Re =
Ua
ν



Periodic vortex shedding in 
the wake of a cylinder

  analogous vortex shedding behind
    a sphere results in spiraling 
    fireworks, bubbles in beer



Flow past a sphere: Re dependence

Re << 1: symmetric flow

Re = 10: steady flow, boundary layer
               separation, attached eddies

30 < Re< 150: periodic vortex shedding

Re > 300:  turbulent wake

Re > 50,000: turbulent boundary layer

Re > 2000: fully turbulent wake

SPORTS BALL REGIME
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Re =
Ua
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CHAMPAGNE
BUBBLE

BEER BUBBLE



Drag Crisis

Re > 50,000: turbulent boundary 
                     layer

Re > 2000: fully turbulent wake

   the dramatic decrease in drag prompted by the onset of turbulence in the b.l.

   turbulence transfers momentum from stream into b.l., so delays b.l. separation 

   the resulting reduction in the pressure drop and wake size decreases the drag 

   this may be prompted at lower Re by surface roughness or stitches



Drag Crisis:  can be promoted by surface roughening

  hence stitching on baseballs and cricket balls,
    dimples on golf balls and fur on tennis balls

  laminar boundary layer

  broad wake

  large pressure drop

  turbulent boundary layer

  narrow wake

  pressure drag greatly reduced

increase Re



drag 
crisis

  roughened
sphere faster



Fundamental Concept

The laws of Nature cannot depend on an arbitrarily chosen system of units.
A system is most succinctly described in terms of dimensionless variables. 

DIMENSIONAL ANALYSIS

Deduction of Dimensionless groups: Buckingham’s Theorem

For a system with  M  physical variables (e.g. density, speed, length, viscosity)
describable in terms of  N  fundamental units (e.g. mass, length, time, temperature),
there are  M - N  dimensionless groups that govern the system.

E.g. Translation of a sphere

Physical variables: 

€ 

U , a,ν , ρ ,D ⇒
Fundamental units:   M , L , T 

€ 

⇒
M = 5
N = 3

Ua

€ 

ρ ,ν
D

M - N = 2  dimensionless groups:     

€ 

Cd =
D
ρU 2 , Re =

U a
ν

System uniquely determined by a single relation:   
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Cd = F(Re)



Variation of         with                      :

U  D
Drag:
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D = CD (Re) ρ U
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smooth
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The effect of surface roughness on onset of drag crisis

  drag crisis prompted at lower Re by surface roughness



The effect of the drag crisis on the goal kick

IN VACUO

WITH AIR
   DRAGWITH DRAG

   CRISIS

   the drag crisis is similarly important in shooting: shots often dip sharply as 
      they approach the net, pass through the drag crisis threshold



Propulsion

•  a rocket generates thrust by 
 

•   stopping fluid creates drag,
 ejecting fluid creates thrust

ejecting its fuel backwards

Propulsion by vortex shedding...



The flight of the humming bird



The flight of the humming bird



The flow around a soccer ball without spin

•  the flow is turbulent

ADD CC’s image

•  vortices shed in a chaotic, unpredictable fashion
the ball moves erratically



The flow around a soccer ball without spin

•  the flow is turbulent

ADD CC’s image

•  vortices shed in a chaotic, unpredictable fashion
the ball moves erratically







Anomalous curvature of sports balls: the Magnus effect



Anomalous curvature of sports balls: the Magnus effect







Backspin flattens out the trajectory via Magnus lift.



Backspin flattens out the trajectory via Magnus lift.



  Sir Isaac Newton (1672) noted how a tennis ball’s
    flight was influenced by spin

  Robin (1742, no portrait available), a British artillery sargent, 
    studied the anomalous flight of spinning cannon balls

  Lord Rayleigh considered inviscid theory, and demonstrated
    that the sideways force on a spinning, translating ball is 
    proportional to its speeds of translation and rotation

  Ludwig Prandtl (1904) developed classical boundary layer
    theory, a crucial component in understanding the anomalous
    flight of balls in flight

History of the Magnus Effect

  Heinrich Gustav Magnus (1802-1870), physicist and chemist
    at University of Berlin, examined the lateral force on rotating
    cylinders in air currents



The translation of a spinning sphere

The Magnus Effect

   a consequence of the asymmetry in the pressure distribution

   Magnus force:     

   applications: ballistics, sports balls, other…
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high u
     low p
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(
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Two dimensionless groups:

Re =
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Ωa

U
=

rotational speed

translational speed
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Ω



The Magnus force in ballistics

   bullets and shells are spin-stabilized to keep them from tumbling in flight

   a cross wind will induce a Magnus force than will alter the trajectory     

   must be corrected for by skilled snipers

U

low u
high p

€ 

FM
high u
     low p

€ 

Ω



Magnus Sailboats

  sail replaced by rotating cylinder

  cylinder driven by motor powered by 
    generator: energy derived from wind

  successfully circumnavigated the world

  less efficient that traditional sailboats or
    motorboats



n = 2



n = 3



A modern Magnus ship



Magnus airplanes

  four conical rotors in an open frame replace the wing
  the designer claimed it had double the lifting power of conventional wings

  there is no record of its having successfully flown
  overcoming the bluff body drag on wings is the principal difficulty



  three horizontal spinning cylinders replace the wings 

  successfully flew once, but crash landed

Magnus airplanes



The Magnus effect in Nature

Leaping mitesFalling seed pods

   rotation coupled with translation increases lift



Equation of motion of a ball in flight
U
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Ω
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ρ ,ν

mdU
dt = mg + Faero(Re, S)

Re = Ua
⌫ = inertial pressure

viscous stress

S = ⌦a
U = rotational speed

translational speed

Reynolds number:

Spin number:



Trajectory equation of a spinning ball

AIR DRAG

mdU
dt = mg � Cd ⇡a2⇢ U2 ŝ + CL ⇡a3⇢ ⌦⇥U

MAGNUS FORCE
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Aerodynamic length

AERODYNAMIC LENGTH

mdU
dt = mg � Cd ⇡a2⇢ U2 ŝ + CL ⇡a3⇢ ⌦⇥U
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g

€ 

Ω

M
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ρ ,ν•  deduce length, time over which ball 
    changes direction via scaling
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    Drop a spinning basketball from a 450ft dam

•  Magnus force deflects ball in a horizontal direction



    Drop a spinning basketball from a 450ft dam

•  Magnus force deflects ball in a horizontal direction



    The logarithmic spiral arising if       = const
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A new puzzle

•  trajectories of two identical balls, one smooth, one rough
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A new puzzle

•  trajectories of two identical balls, one smooth, one rough
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Magnus force:
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Reverse 
Magnus 
effect

Important Point

  in the absence of surface 
    roughening, most sports balls,
    including soccer balls, would
    curve in the opposite sense!
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Magnus force:
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Reverse Magnus effect
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Inviscid theory (Rayleigh)

laminar

turbulent



The reverse Magnus Effect
  observation: smooth soccer balls, e.g. beach balls, BEND THE WRONG WAY!

  turbulent b.l. on advancing side, laminar on retreating side
  asymmetry in pressure distribution results in negative Magnus force
  force may also be rationalized in terms of momentum transfer

€ 

FM
turbulent 

laminar





Soccer/Football/Futbol

   peak                                          :  supercritical drag coefficient

€ 

Re = 425,000 > Rec

  shots generally pass from supercritical to subcritical drag during flight:

  Magnus effect used in crossing (chipping) 

Conditions                                Distance travelled by goal kick
In vaccum                                               125 m
At sea-level                                              60 m
Subcritical drag coefficient                      40 m 
At 2.2km altitude                                      65 m

  altitude:  in Mexico City (at 2.2 km),                                                       decreased 

€ 

ρ = 0.8 ρsea− level D ~ ρU 2a2

  a 25m shot arrives 0.02 s sooner, in which time goalie diving at 10m/s covers 20cm

   seams critical in suppressing reverse Magnus effect

decelerate drastically at end

and shooting (`bending the ball’)



The influence of surface roughness
•  can cancel or even reverse the sign of the Magnus force

•  trajectories of two identical balls, one smooth, one rough



The influence of surface roughness
•  can cancel or even reverse the sign of the Magnus force

•  trajectories of two identical balls, one smooth, one rough
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1. Chute de curva: Banana kick

2. Folha Seca: The Dry Leaf

3. Pombo sem asas: Dove without Wings

4. Tres dedos/Trivela: Three Toes

The lexicon of Brazilian free kicks

  struck with instep; inward bending

  struck with instep/top of foot with topspin; downward dipping

  struck with outside of foot; outward bending

  struck with top of foot with no spin; erratic trajectory











Juninho



Juninho



1. Chute de curva: Banana kick

2. Folha Seca: The Dry Leaf

3. Pombo sem asas: Dove without Wings

4. Tres dedos/Trivela: Three Toes

Brazilian free kicks

  struck with instep; inward bending

  struck with instep/top of foot with topspin; downward dipping

  struck with outside of foot; outward bending

  struck with top of foot with no spin; erratic trajectory



Folha Seca

Juninho Pernambucano

  invented by brazilian great Didi (WC 1954. 1958, 1962)
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Juninho Pernambucano

  invented by brazilian great Didi (WC 1954. 1958, 1962)







Folha Seca

Juninho Pernambucano



Folha Seca

Juninho Pernambucano



Wall Street Journal,
June 2014



1. Chute de curva: Banana kick

2. Folha Seca: The Dry Leaf

3. Pombo sem asas: Dove without Wings

4. Tres dedos/Trivela: Three Toes

Brazilian free kicks

  struck with instep; inward bending

  struck with instep/top of foot with topspin; downward dipping

  struck with outside of foot; outward bending

  struck with top of foot with no spin; erratic trajectory



 The dove without wings: struck with no spin

C. Ronaldo



 The dove without wings: struck with no spin

C. Ronaldo



1. Chute de curva: Banana kick

2. Folha Seca: The Dry Leaf

3. Pombo sem asas: Dove without Wings

4. Tres dedos/Trivela: Three Toes

Brazilian free kicks

  struck with instep; inward bending

  struck with instep/top of foot with topspin; downward dipping

  struck with outside of foot; outward bending

  struck with top of foot with no spin; erratic trajectory



Pele, 1970 World Cup 



Pele, 1970 World Cup 



Nilinho



Nilinho



Roberto Carlos, Tournoi de France 1994

El segundo mejor tiro de la historia
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Why not Italian free kicks?



Why not Italian free kicks?



Why not BRITISH free kicks?



Why not BRITISH free kicks?



1. British football is rubbish.

2. Influence of rain on ball

    Heavier ball has higher Ballistic Coefficient ,                     
                       , and so moves less under the influence 
    of anomalous aerodynamic forces, specifically 
    Magnus forces.

Why not British free kicks?

€ 

BP = M /a2

e.g. more difficult to `hang up’ chips with slice, 
       more difficult to bend free kicks

3. Balls are often overpumped

•  contact time diminished: less time to impart spin



Impact 

smooth
 sphererough

sphere•  ball has an elastic shell whose tension increases with internal pressure 

•  tension of ball determines duration of contact time

with Christophe Clanet, Thomas Giraud

•  duration of contact time determines the control one has in shooting



The ball strike 

smooth
 sphererough

sphere

•  FIFA stipulates internal overpressure range of 8.7-16psi (0.6-1.1 atm)

•  what role might this pressure range have on impact?

•  impact time decreases by 20% over permissible pressure range

(Shinkai et al. 2007)



Dependence of contact time on internal pressure 

smooth
 sphererough

sphere

•  impact time decreases by 20% over permissible pressure range

•  better control (longer contact time) at lower pressure

•  lower pressure ball favors more skillful players

•  valve orientation significant: contact time less for strike on the valve
•  folha seca favored at high pressure, with valve facing strike





Computational Fluid Dynamics: FLUENT

  can calculate flow around ball and associated pressure distribution
  the resulting drag and lift may be used to calculate the ball’s trajectory



The flow around a spinning ball in flight

•  here, fluid is thrown to the left, so the ball bends to the right



The flow around a spinning ball in flight

•  here, fluid is thrown to the left, so the ball bends to the right



Bend it like Beckham

L’effet Magnus aide Angleterre à se qualifier pour la Coupe du Monde.
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L’effet Magnus aide Angleterre à se qualifier pour la Coupe du Monde.







  given initial conditions (linear and angular velocity), can compute free kick
    trajectory

  transition to laminar boundary layer slows ball, causing it to dip, swerve near goal



A consulting gig…

  develop a football with more aerodynamic action

  suitable for futsol or beach football



A consulting gig…

  develop a football with more aerodynamic action

  suitable for futsol or beach football



Other sports… 



TENNIS
                                       ; however, fuzz trips boundary layer,
     so turbulent drag coefficient applies

€ 

Re =122,000 < Rec

Topspin
  ball deflected downward by Magnus effect
  can strike the ball with greater force and keep it in play
  ball strikes ground at large angle and `kicks up’

Slice
  ball struck  with backspin, deflected upward by Magnus effect
  ball’s trajectory flattened out
  ball appears to slide on impact

topsin slice



                                       ; however, dimples promote turbulent exchange between
      boundary layer and external flow, and so reduce drag dramatically

€ 

Re = 79,000 < ReC

Golf



   average drive imparts backspin at rate 50-130 rev/s: Magnus force
     drastically increases lift

   older balls are smoother: less lift 

   damaged balls: asymmetric boundary layer separation, wonky trajectory

Conditions                                     Drive distance
Dimpled ball with backspin                230 m
Dimpled ball without backspin           100 m
Smooth ball                                           50 m

€ 

FM

U



The hook

The slice
hookslice





Baseball

BEFORE AFTER



                                        (for pitching); however, turbulence introduced in the
      boundary layer by the seams

€ 

Re =122,000 < Rec

   Magnus effect important in trajectory of pitched and batted balls

Conditions                                    Distance batted
With backspin of 30 rev/s                    400 ft
Without backspin                                 380 ft
Without stitches                                   300 ft
In vacuum                                            750 ft
In Atlanta (altitude 1050 ft)                 408 ft
In Denver (altitude 5300 ft)                 440 ft

DRAG
CRISIS



PITCHING

  A sports writer once doubted that Dizzy Dean’s curveball was anything
more than an optical illusion. This provoked the great Dizzy Dean to say:

“Alright, go stand behind that tree and I’ll hit you with an optical illusion”.



The Magnus effect and pitching

Fastball

Curve ball





   pitcher can impart a spin of up to 
     25 rev/s: Magnus effect can induce
     deflections of about 1 ft

Batter’s view of incoming pitches

Knuckle ball:  thrown `dead’ (with very little spin)

   ball rotates approximately once from pitcher to plate
   trajectory determined by seam orientation
   thrown off knuckles, fingertips or with spit/vaseline



Trajectories of 
various pitches



Flow past a baseball

Flow past a spinning
baseball

SEAM

U = 21 m/s,       
    = 15 rev/s

€ 

Ω

Knuckleball
U

U





Cricket



Fast (`Swing’) Bowling

CRICKET
                                                    (for bowling); however, turbulence is
     prompted in the boundary layer by the seams

   two distinct modes of bowling

Slow (`Spin’) Bowling
   typical velocity of 15 m/s

   Magnus effect generates `spin-swing’

€ 

Re = 60,000 −150,000 < ReC

   seam trips turbulent boundary layer on one side: asymmetry causes swerve

   as ball wears, roughness develops on both sides: symmetry restored

turbulent

laminar



Normal swing Reverse swing



The expert’s guide to ball tampering



Claim
    A cricket ball swings more readily in humid conditions (on a moist day, near
  the sea, or when the sun goes behind a cloud!)

Proposed explanations
1.  Air conditions: dependence of air density on temperature, pressure, humidity

NO: density of moist air less than that of dry air

2. Seam absorbs water and swells: turbulence more readily enhanced in 
       boundary layers, decreased drag

 refuted by wind tunnel studies (Mehta 1983)

Resolution
  Sun generates a field of turbulent convection that mixes the air, and so 
eliminates the pressure gradient established across the ball.

(18.355 Course Project, 2004)



Conclusions

  aerodynamic drag determined by Reynolds number and surface roughness

  most ball games played in the Re range in which laminar boundary layers
    would obtain in the absence of surface roughness

  stitches (baseball and cricket), fuzz (tennis) and dimples (golf) play an
    important role in reducing drag and suppressing the reverse Magnus effect
    through prompting turbulence in b.l.

  air conditions (moisture, altitude) have a subtle effect on balls in flight

  anomalous curvature of balls in flight caused by the Magnus Effect, whose
    sense would be reversed on smooth balls

Soccer
  have adopted the Brazilian lexicon for free kicks

  have seen some cracking goals….



El mejor tiro de la historia



El mejor tiro de la historia


