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     What do you find interesting?

       Give this question some thought in the next few 
          weeks as you settle upon a research theme.

    After my initial 3 weeks of lecturing, you will be asked
   to pitch a topic to the class (in 5 minutes) and submit 
   a brief (< 1 page) proposal to me.

 “There is no such thing as uninteresting subject — only uninterested people.”
 
                                                                                              — G.K. Chesterton 



 18.384:   Lecture 2

 1) analogical thinking,  

 2) dimensional analysis, 

 3) dynamic similarity, 

 4) scaling arguments 

 5) fluid mechanics 



	 Means of comparison and degrees of similitude

  I.  Metaphor

 II.  Physical analogy

 III.  Dynamic similarity

 IV.  Mathematical equivalence



 Degrees of similitude

 I.  Metaphor

an imprecise level of comparison that provides a means of using one system
	     to gain insight into another

	 e.g.  the road unfurled before me

	 e.g.  the road was a ribbon of moonlight

	 e.g.  the stars are blue and shiver in the distance
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A hydrodynamic metaphor

“Light corpuscles generate waves in an Aethereal Medium, just like a stone 
thrown onto water generates waves. In addition, these corpuscles may be alternately 
accelerated and retarded by the waves.” 

- Newton, Opticks (1704)



A hydrodynamic metaphor

“Light corpuscles generate waves in an Aethereal Medium, just like a stone 
thrown onto water generates waves. In addition, these corpuscles may be alternately 
accelerated and retarded by the waves.” 

- Newton, Opticks (1704)



	 A hydrodynamic metaphor

 ``If particle physics is the dazzling crown prince of science, fluid mechanics
 is the cantankerous queen mother: While her loyal subjects flatter her as being rich,
 mature, and insightful, many consider her to be démodé, uninteresting, and difficult.
 In her youth, she was more attractive. Her inconsistencies were taken as paradoxes
 that bestowed on her an air of depth and mystery. The resolution of her paradoxes
 left her less beguiling but more powerful, and marked her coming of age. She has
 since seen it all and has weighed in on topics ranging from cosmology to astronautics.  
 Scientists are currently exploring whether she has any wisdom to offer on the  
 controversial subject of quantum foundations.”

	 - JWMB, Physics Today (2015)



 Degrees of similitude

 I.  Metaphor

 II.  Physical analogy

may be drawn between two systems comparable in significant respects owing to
	    similarities in their essential physics and underlying mathematical structure

fluid mechanics provides a framework for modeling a broader class of nonfluidic
	    systems, including electromagnetic, optical, quantum and gravitational systems



	 Maxwell on physical analogy

 ``By a physical analogy I mean that partial similarity between the laws
 of one science and those of another which makes each of them illustrate
 the other . . . . We find the same resemblance in mathematical form
 between two different phenomena.”

	 —James Clerk Maxwell, On Faraday’s Lines of Force (1855)

  ``Now, as in a pun two truths lie hid under one expression, so in an
 analogy one truth is discovered under two expressions . . . Every question
 concerning analogies is therefore a question concerning the reciprocal of
 puns, and the solutions can be transposed by reciprocation.”

 — James Clerk Maxwell, Are there real analogies in Nature? (1856)



 A favorite physical analogy



 A favorite physical analogy



Thomas Young (1773-1829)’s diffraction  analog

•  contributed to theory of language, music harmony, solid mechanics, medicine, 

•  felt that his greatest contribution was convincing the scientific community 

•  deciphered the Rosetta stone (selon les Anglais!)

of the wave nature of light using ripple tank experiments

physiology, light, vision, surface tension

Young (1805)



 (1880)



have created such knots both optically and hydrodynamically



 Hydrodynamic analogies of the Casimir effect

in QM, the Casimir effect gives rise to forces
	     between objects owing to geometric constraint
	     on the EM quantum background field

	 Maritime analogy
 (Boersma, AJP, 1996)

  Water wave analogy
 (Denardo et al. AJP, 2009)



 Periodic table of drop vibrations
	 (Steen et al., PNAS, 2019)



 Some physical analogies are better than others

 Sand dunes	 Rabbit artery



	 Some physical analogies are better than others

	 How can you judge?

	 The similarity of the mathematical descriptions.

	

	



 Degrees of similitude

 I. Metaphor

 II.  Physical analogy

 III.  Dynamic similarity

• arises between two physical systems when strict mathematical equivalence
	    is achieved between them 

• the cornerstone of laboratory modeling in fluid mechanics

         … a digression into Dimensional Analysis and Scaling



 Dimensional analysis and scaling arguments



	 DIMENSIONAL ANALYSIS

the deduction of the dimensionless groups governing a physical system

 Value:  1) minimizes number of parameters governing a physical
	 system (thus facilitating experimental modeling)

 2) occasionally yields scaling of physical variables directly

 Corollary to Buckingham’s Theorem:

	 If there is only one dimensionless group, it must be constant.

The laws of Nature cannot depend on arbitrarily chosen system of units.
A system is most succinctly described in terms of dimensionless variables. 

Deduction of Dimensionless groups: Buckingham’s Theorem

For a system with  M  physical variables (e.g. density, speed, length, viscosity)
describable in terms of  N  fundamental units (e.g. mass, length, time, temperature),
there are  M - N  dimensionless groups that govern the system.

 Fundamental concept:



DIMENSIONAL ANALYSIS

Buckingham’s Theorem

E.g.  Translation of a sphere through a fluid

Physical variables: 

€ 

U , a,ν , ρ ,D ⇒

Fundamental units:   M , L , T 

€ 

⇒

M = 5

N = 3

Ua

€ 

ρ ,ν
D

M - N = 2  dimensionless groups:     

€ 

Cd =
D
ρU 2 , Re =

U a
ν

System uniquely determined by a single relation:   

€ 

Cd = F(Re)

For a system with  M  physical variables (e.g. density, speed, length, viscosity)
describable in terms of  N  fundamental units (e.g. mass, length, time, temperature),
there are  M - N  dimensionless groups that govern the system.

Dimensions: 
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Variation of         with                      :

U  D
Drag:

€ 

D = CD (Re) ρ U
2 a2

€ 

CD

€ 

Re =
U a
ν

a

€ 

Re =
U a
ν

smooth
 sphererough

sphere

DRAG
CRISIS



Scaling: 

Dimensional analysis gave:

Re << 1: viscous drag dominant

Re >> 1: pressure drag dominant

U a

€ 

ρ ,ν

the determination of the interdependency of variables
in a physical system

Method: consider dominant force balance

€ 

D = CD (Re) ρ U
2 a2

•  form of                    yields dependence at low and high Re

Scaling approach: 

D ∼

µU

a
· a2

∼ ρνUa

VISCOUS 
STRESS

SURFACE 
AREA

EXPOSED
AREA

FORE-AFT
PRESSURE
DROP

D ∼ ρ U2
· a2

CD(Re)



Corollary to Buckingham’s Theorem:

If there is only one dimensionless group, it must be constant.

The Pendulum
g

M

L
Physical variables:   M, L, g, ω

ω
Fundamental units: M, L, T

system prescribed by one dimensionless group

Π =
ω2L

g
= constant ω ∼

( g

L

)1/2

Note:  finite amplitude oscillations require consideration of θ

ω = f(θ)
( g

L

)1/2
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 Can we predict R(t) ?

 Given  R(t), can we infer
 the energy released?
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The scaling of atomic blast clouds
- G.I. Taylor,  Sedov

Physical variables:

Fundamental units:

R(t)

R, t, E, ρ

M,L, T

system prescribed by one dimensionless group: 

Π =
Et2

ρR5
= constant

yields desired scaling for radius of the blast cloud:

R ∼

(

E

ρ

)1/5

t2/5

•  this inference led to arrest of G.I. Taylor for suspected spying in 1945 
•  this scaling led to the prosecution of a German fireworks manufacturer





Scaling: physically informed dimensional analysis

yields interdependency of physical variables required
by balance of dominant forces or energies 

Isometry

Scaling in Biology

assumption concerning the self-similar form of creatures 
of different size

e.g.  isometry requires that  for a creature of length L,
        surface area                  , volume A ∼ L

2
V ∼ L

3
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How much force can a creature of length L and mass M generate/sustain?

WT ∼ M
2/3

∼ L
2

log M    

strongest 
   man
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WT

M
⇠ M2/3

M
⇠ M�1/3Ratio of force generated to size:



How does leap height depend on body size in the animal kingdom?

Work done at take off is converted into GPE:

F L ∼ M g H

Thus, since                    and                    ,F ∼ L
2

M ∼ L
3

H ∼ L
0

Leap height independent of body size.

L
M H



1)  air resistance more important for smaller creatures

2)  variance from isometry; e.g. some creatures have special adaptations 

Rationale for variance
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Gait changes in terrestrial locomotion



Observation:  gaits change when                         for limbed terrestrials.Fr =
U2

gh
∼ 1



h
U

the inverted pendulum Rationale:

g

At apex of stride, inertia and gravity in opposition.

INERTIA

GRAV ITY
=

MU2/h

Mg
=

U2

gh
= Fr

Fr > 1

M

Expect lift-off, and associated gait changes, for

Model runner as mass M with 
leg length h.



Reynolds numbers of swimmers and flyers

Whale                             300,000,000
Tuna                                  30,000,000
Duck in flight                         300,000
Dragonfly                                  30,000
Copepod                                         300
Smallest insect in flight                   30
Swimming larvae                               0.3
Sea urchin sperm                                0.03
Bacteria                                               0.00001

€ 

Pressure drag
Viscous drag

=
Ua
ν

≡ Re



The scaling of flight

How does one expect 
flight speed to depend
on size?



Size dependence on gliding speed

U

L

ρa

Mg

Flift

D

Drag and lift both proportional to ρ U2L2

Vertical force balance requires: Mg ∼ ρ U2L2

Since                , we have the scaling

or alternatively 

M ∼ L
3

U ∼ L1/2
∼

√

M

L2
∼ (span loading)1/2

U ∼ L
1/2
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U ∼ L
1/2
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How does the speed of a fish depend on its size?

Propulsive force:

Hydrodynamic resistance:  skin friction

F ∼ L
2

D ∼ µ
U

δ
L2

where δ ∼ L Re
−1/2 is the boundary layer thickness

Re =

UL

ν
 is the Reynolds number

Force balance (F=D) indicates U ∼ L
1/3



Discrepancy:  variance from isometry?
                       reducing drag through body flexion?
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How does the speed of a rowboat depend on the number of rowers?



U

L

Hydrodynamic drag

where                                            as  

D = ρ U2L2 F (Re, shape)

F (Re, shape) → const Re → ∞

nPower required at speed U

Archimedes: 

weight of water displaced = total weight supported

L
3
∼ n

P ∼ D U ∼ ρ U3L2
∼ n

assuming isometric boats

Inferred scaling: 
U ∼ n

1/9



U ∼ n
1/9



And what if n > 8?



The wonderful world of fluid mechanics



€ 

ρ
∂ u
∂ t

+ u⋅∇u
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = −∇p + ρg + µ∇2u , ∇ ⋅u = 0

Fluid flows governed by Navier Stokes Equations

• for an incompressible fluid with density     and viscosity                in the presence
     of gravity     , this represents a systems of 4 equations in 4 unknowns 

• a continuum statement of Newton’s laws, these equation prescribe the evolution 
     of the fluid velocity       and pressure

• these must be solved subject to appropriate boundary conditions: no slip
     conditions on rigid boundaries, continuity of velocity and stress boundary 
     conditions at fluid interfaces
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(u, p)
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• an infinitesimal fluid blob may accelerate in response to pressure gradients,
     gravity and viscous stresses

• describe an enormous class of physical problems spanning a vast range of scales

CONTINUITYMOMENTUM
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Problem solving in fluid mechanics

Physical problem

Mechanistic understanding

Mathematical model 
(Navier-Stokes eqns) 

  Dimensional 
analysis/scaling

Numerical 
  solution

Experimental
   modeling 

Theoretical 
  solution



€ 

ρ
∂ u
∂ t

+ u⋅∇u
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = −∇p + ρg + µ∇2u , ∇ ⋅u = 0

Nondimensionalization

Select characteristic scales:

• the dimensionless groups found by Buckingham’s Theorem represent the relative 
magnitudes of terms in NS equations

<latexit sha1_base64="0dvX0GVUrHjPXMzpKuaoI7l0PfY="></latexit>

u0 ⇠ u/U , x0 ⇠ x/L , t0 ⇠ t/(L/U)

Case 1:  inertial effects >> viscous effects,  choose  
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p0 ⇠ p/(⇢U2)
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Du

Dt
= �rp+

1

Re
r2u

• reduces to Euler’s equations in the limit of 
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Re
Du

Dt
= �rp+r2u

<latexit sha1_base64="iWvOfZ8m8bqpVjizUPZYcYbZ4zo=">AAACKnicbVDLSgMxFM34rPVVdenmYhEEtcwUUTeFqhuXFewDOrVk0kwNzWSGJCOUof0dN/6Kmy6U4tYPMW0H0eqBwMk555Lc40WcKW3bY2thcWl5ZTWzll3f2Nzazu3s1lQYS0KrJOShbHhYUc4ErWqmOW1EkuLA47Tu9W4mfv2JSsVCca/7EW0FuCuYzwjWRmrnrmwowakrsMcxRHAMrohhdn0oQuJ6PsQDGJ7AMM24pBPqb6MEdjuXtwv2FPCXOCnJoxSVdm7kdkISB1RowrFSTceOdCvBUjPC6SDrxopGmPRwlzYNFTigqpVMVx3AoVE64IfSHKFhqv6cSHCgVD/wTDLA+lHNexPxP68Za/+ylTARxZoKMnvIjznoECa9QYdJSjTvG4KJZOavQB6xxESbdrOmBGd+5b+kViw45wX77ixfvk7ryKB9dICOkIMuUBndogqqIoKe0St6Q+/WizWyxtbHLLpgpTN76Beszy/Ze6Pp</latexit>

0 = �rp+ ⌫r2u , r · u = 0

Case 2:  inertial effects << viscous effects,  choose  

<latexit sha1_base64="m7x8RdGb2OTxcrDpacfbjtgHcvI="></latexit>

Du

Dt
= �1

⇢
rp , r · u = 0

• reduces to Stokes equations in the limit of 

<latexit sha1_base64="59kRXdn2Z3EVwPurQWH4Nltx5+0=">AAACAnicbVBNS8NAEN34WetX1ZN4WSyCp5KIqBeh6MVjFdMWmlA220m6dLMJuxuhhOLFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuYFKWdK2/a3tbC4tLyyWlorr29sbm1XdnabKskkBZcmPJHtgCjgTICrmebQTiWQOODQCgbXY7/1AFKxRNzrYQp+TCLBQkaJNlK3sn8H+BJ7oSQ0d8ko90Q2wl4UYadbqdo1ewI8T5yCVFGBRrfy5fUSmsUgNOVEqY5jp9rPidSMchiVvUxBSuiARNAxVJAYlJ9PXhjhI6P0cJhIU0Ljifp7IiexUsM4MJ0x0X01643F/7xOpsMLP2cizTQIOl0UZhzrBI/zwD0mgWo+NIRQycytmPaJiUOb1MomBGf25XnSPKk5ZzX79rRavyriKKEDdIiOkYPOUR3doAZyEUWP6Bm9ojfryXqx3q2PaeuCVczsoT+wPn8Ar1iWVg==</latexit>

Re =
Ua

⌫
� 1

<latexit sha1_base64="58UQ489JDJQC/XfukgrhA5QnT/k=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5KIqBeh6MVjFdMWmlA220m7dLMJuxuhhODFv+LFgyJe/RXe/DduPw7a+mDg8d4MM/PClDOlHefbWlhcWl5ZLa2V1zc2t7btnd2GSjJJwaMJT2QrJAo4E+Bppjm0UgkkDjk0w8H1yG8+gFQsEfd6mEIQk55gEaNEG6lj798BvsR+JAnNPVLkvsgK7HOO3Y5dcarOGHieuFNSQVPUO/aX301oFoPQlBOl2q6T6iAnUjPKoSj7mYKU0AHpQdtQQWJQQT5+ocBHRuniKJGmhMZj9fdETmKlhnFoOmOi+2rWG4n/ee1MRxdBzkSaaRB0sijKONYJHuWBu0wC1XxoCKGSmVsx7RMThzaplU0I7uzL86RxUnXPqs7taaV2NY2jhA7QITpGLjpHNXSD6shDFD2iZ/SK3qwn68V6tz4mrQvWdGYP/YH1+QO+mZZg</latexit>

Re =
Ua

⌫
⌧ 1

<latexit sha1_base64="hzU2zLJzM7TSXOhm3tsjY5Y/ws4=">AAAB/HicbVBNS8NAEN34WetXtEcvi0WslzYRUY9FLx4rmLbQhLLZbtqlu8myuxFCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMCwWjSjvOt7Wyura+sVnaKm/v7O7t2weHbZWkEhMPJyyR3RApwmhMPE01I10hCeIhI51wfDv1O49EKprEDzoTJOBoGNOIYqSN1Lcr4hT6inIoGjWfp9BroLO+XXXqzgxwmbgFqYICrb795Q8SnHISa8yQUj3XETrIkdQUMzIp+6kiAuExGpKeoTHiRAX57PgJPDHKAEaJNBVrOFN/T+SIK5Xx0HRypEdq0ZuK/3m9VEfXQU5jkWoS4/miKGVQJ3CaBBxQSbBmmSEIS2puhXiEJMLa5FU2IbiLLy+T9nndvaw79xfV5k0RRwkcgWNQAy64Ak1wB1rAAxhk4Bm8gjfryXqx3q2PeeuKVcxUwB9Ynz8WMJMd</latexit>

p0 ⇠ p/(µU/a)



Dynamic similarity

•  arises between two fluid systems when those systems are    
characterized by identical dimensionless parameters

•  allows one to model (impractically large or small) physical systems
in a laboratory setting

Eg. 1  Submarine building

Dimensional analysis yields
D

ρU2a2
= F (Re, shape)

•                                    may be deduced from experimental modeling F (Re, shape)
with miniature subs (and high U to match Re)

•  results can be scaled up to deduce drag D and power required DU
for a submarine to cruise submerged at a given speed



Eg. 2  Wind-tunnel testing

•  one wants to know wind-induced pressure distribution
around a building (e.g. the John Hancock tower)

P

ρU2
= F (Re) deduced from lab experiments

• must match Re for dynamic similarity: miniature models
 require the use of high laboratory wind speeds U

Eg. 3  Low Reynolds number swimming in water

•  bacteria swim with  Re = Ua/ν ∼ 10
−5

a ∼ 1µmsince

•  dynamic similarity can be achieved in 

by increasing fluid viscosity
a laboratory-scale setting (a ~ 5cm)



Eg. 4  Rotating flows

Consider a frame of reference rotating with constant angular velocity 

The velocity in the rotating frame,                                     ,    satisfies

where the dynamic pressure

Nondimensionalize: 

Governing equations:

<latexit sha1_base64="k6T03bn34yjL7RyYq/AaBCe/0Wk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRizcrWFtoQtlsJ+3S3STsboQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZYthiiUhUJ6QaBY+xZbgR2EkVUhkKbIejm6nffkKleRI/mHGKgaSDmEecUWMlP/fDiPh3Egd00qvW3Lo7A1kmXkFqUKDZq375/YRlEmPDBNW667mpCXKqDGcCJxU/05hSNqID7FoaU4k6yGc3T8iJVfokSpSt2JCZ+nsip1LrsQxtp6RmqBe9qfif181MdBXkPE4zgzGbL4oyQUxCpgGQPlfIjBhbQpni9lbChlRRZmxMFRuCt/jyMnk8q3sXdff+vNa4LuIowxEcwyl4cAkNuIUmtIBBCs/wCm9O5rw4787HvLXkFDOH8AfO5w+0XZF4</latexit>

⌦
<latexit sha1_base64="p5zvmPuZU12nJi2kKPkO/Mrkmt0=">AAACGHicbZDLSsNAFIYn9VbrrerSzWAR3FgTEXUjFN24s4K9QBPKZHrSDp1cmJlUSshjuPFV3LhQxG13vo3TJgtt/WHg4z/ncOb8bsSZVKb5bRSWlldW14rrpY3Nre2d8u5eU4axoNCgIQ9F2yUSOAugoZji0I4EEN/l0HKHt9N6awRCsjB4VOMIHJ/0A+YxSpS2uuXTxHY9PErxNZ5RnOKTjOx7H/okxfYT9PqQeSLtlitm1ZwJL4KVQwXlqnfLE7sX0tiHQFFOpOxYZqSchAjFKIe0ZMcSIkKHpA8djQHxQTrJ7LAUH2mnh71Q6BcoPHN/TyTEl3Lsu7rTJ2og52tT879aJ1belZOwIIoVBDRb5MUcqxBPU8I9JoAqPtZAqGD6r5gOiCBU6SxLOgRr/uRFaJ5VrYuq+XBeqd3kcRTRATpEx8hCl6iG7lAdNRBFz+gVvaMP48V4Mz6Nr6y1YOQz++iPjMkPOhueqg==</latexit>

v = u�⌦ ^ r
<latexit sha1_base64="FRsr2jxmIhHBuqikGf0ai1oW0cE="></latexit>

Dv

Dt
= �1

⇢
rpd + ⌫r2v � 2 ⌦ ^ v

<latexit sha1_base64="rax4efwqRRBFMfJw/hiHrFnea/o="></latexit>

pd = p� ⇢g · r� 1

2
⇢⌦2r2

<latexit sha1_base64="zEBQHY3fdGeZ+MlgMOtZ7YXNk4s="></latexit>

⌦ ⇠ ⌦k̂ , r ⇠ ar0 , v ⇠ Uv0 , r ⇠ 1

a
r0 , p ⇠ ⇢⌦Ua p0

<latexit sha1_base64="VVisNb75gdiPG+4S9ZJEfGBC4ik="></latexit>

Ro
Dv

Dt
+ 2k̂ ^ v = �rp+ Ekr2v

<latexit sha1_base64="uiu7I4I7vaObiEViYiD5x5KHNbc=">AAACHXicbVDLSgMxFM3Ud31VXboJFsFVmRFRN0LRja58YFuhLeVOeqeGZpIhyQhlmB9x46+4caGICzfi35jWIr4OBA7n3Htz7wkTwY31/XevMDE5NT0zO1ecX1hcWi6trNaNSjXDGlNC6asQDAousWa5FXiVaIQ4FNgI+0dDv3GD2nAlL+0gwXYMPckjzsA6qVPauegoekBbkQaW1fKsdRpjDyjkX+KJRG055NmR0ly5lXLaKZX9ij8C/UuCMSmTMc46pddWV7E0RmmZAGOagZ/YdgZuMBOYF1upwQRYH3rYdFRCjKadja7L6aZTujRS2j1p6Uj93pFBbMwgDl1lDPba/PaG4n9eM7XRfjvjMkktSvb5UZQKahUdRkW7XCOzYuAIMM3drpRdg8vEukCLLoTg98l/SX27EuxW/POdcvVwHMcsWScbZIsEZI9UyTE5IzXCyC25J4/kybvzHrxn7+WztOCNe9bID3hvHwd1oe0=</latexit>

Ro =
U

⌦a
=

Inertia

Coriolis

<latexit sha1_base64="YO8Hm09EiZhihTjfR7W6snRjiPI=">AAACIXicbVDLSgMxFM3UV62vqks3wSK4KjNFtBuhWAR3VrAP6IxDJs20oZlkSDJCGeZX3Pgrblwo0p34M6YPRFsPXDiccy/33hPEjCpt259WbmV1bX0jv1nY2t7Z3SvuH7SUSCQmTSyYkJ0AKcIoJ01NNSOdWBIUBYy0g2F94rcfiVRU8Hs9iokXoT6nIcVIG8kvVq/9IbyEbigRTl2eZKl7G5E+guihkv0YLaqwSFSW1oWkwpyVQb9Yssv2FHCZOHNSAnM0/OLY7QmcRIRrzJBSXceOtZciqSlmJCu4iSIxwkPUJ11DOYqI8tLphxk8MUoPhkKa4hpO1d8TKYqUGkWB6YyQHqhFbyL+53UTHVa9lPI40YTj2aIwYVALOIkL9qgkWLORIQhLam6FeIBMJtqEWjAhOIsvL5NWpeycl+27s1Ltah5HHhyBY3AKHHABauAGNEATYPAEXsAbeLeerVfrwxrPWnPWfOYQ/IH19Q0+zaOe</latexit>

Ek =
⌫

⌦a2
=

V iscous

Coriolis
where Rossby number             ,  Ekman number

<latexit sha1_base64="FH3RxL0UtNo13tl/vKsXTzLNqXY=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4KomIehGKXrxZwX5AE8pku2mXbjZhdyOUkH/gxb/ixYMiXr1689+YpDlo64OBx3szzMzzIs6UtqxvY2FxaXlltbJWXd/Y3No2d3bbKowloS0S8lB2PVCUM0FbmmlOu5GkEHicdrzxde53HqhULBT3ehJRN4ChYD4joDOpbx4ljudj5zagQ0ixQwahxo4AjwMunDjFl9iq9s2aVbcK4Hlil6SGSjT75pczCEkcUKEJB6V6thVpNwGpGeE0rTqxohGQMQxpL6MCAqrcpPgnxYeZMsB+KLMSGhfq74kEAqUmgZd1BqBHatbLxf+8Xqz9CzdhIoo1FWS6yI851iHOw8EDJinRfJIRIJJlt2IyAglEZxHmIdizL8+T9kndPqtbd6e1xlUZRwXtowN0jGx0jhroBjVRCxH0iJ7RK3oznowX4934mLYuGOXMHvoD4/MHNHua1Q==</latexit>

⌦ ·ru = 0Rapid rotation limit                       
<latexit sha1_base64="AcubM6AOvO1a82ieOgl3inBn2aE=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoICURUY9FETxWsR/QhrDZbtqlm2zY3Ygl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbS0tr6yurRc2iptb2zu79l6pqUQqCW0QwYVsB1hRzmLa0Exz2k4kxVHAaSsYXk/81iOVion4QY8S6kW4H7OQEayN5NulCrr3BTpBN/4QdTlH7rFvl52qMwVaJG5OypCj7ttf3Z4gaURjTThWquM6ifYyLDUjnI6L3VTRBJMh7tOOoTGOqPKy6e1jdGSUHgqFNBVrNFV/T2Q4UmoUBaYzwnqg5r2J+J/XSXV46WUsTlJNYzJbFKYcaYEmQaAek5RoPjIEE8nMrYgMsMREm7iKJgR3/uVF0jytuudV5+6sXLvK4yjAARxCBVy4gBrcQh0aQOAJnuEV3qyx9WK9Wx+z1iUrn9mHP7A+fwBiUZIV</latexit>

(Ro, Ek ⌧ 1)            :  Taylor-Proudman constraint



Eg. 4  Geophysical flows

•  motion of atmosphere and oceans influenced by earth’s rotation Ω

•  dimensionless groups are the Rossby and Ekman numbers: 

Ro =
U

Ωa
, Ek =

ν

Ωa2

•  dynamic similarity in lab experiments (a ~1m) requires high  Ω ∼ 1/s



	 Means of comparison and degrees of similitude

  I.  Metaphor

 II.  Physical analogy

 III.  Dynamic similarity

 IV.  Mathematical equivalence

arises when two systems have precisely the same mathematical description

one system may be understood directly in terms of the other

arises when dynamic similarity is achieved in fluid systems, but also arises
	 more broadly…



 Gravitoelectromagnetism
in limit of weak spacetime curvature (weak gravitational fields)

 Lorentz force



€ 

ρ
∂ u
∂ t

+ u⋅∇u
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ = −∇p + ρg + µ∇2u , ∇ ⋅u = 0

Fluid Mechanics:  Governing Equations

Navier-Stokes equations:

Vorticity: <latexit sha1_base64="Sic6pUypmQGUt9pEVkFh2iPbf90=">AAACEnicbVBNS8NAEN34WetX1aOXxSLopSQi6kUoevFYwX5AU8pkO2mXbjZhd6OU0N/gxb/ixYMiXj1589+YpD1o64OBx3szzMzzIsG1se1va2FxaXlltbBWXN/Y3Nou7ew2dBgrhnUWilC1PNAouMS64UZgK1IIgSew6Q2vM795j0rzUN6ZUYSdAPqS+5yBSaVu6ThxPZ+6YYB9GNNL6krwBFD3AXt9pLkZZ7pd7JbKdsXOQeeJMyVlMkWtW/pyeyGLA5SGCdC67diR6SSgDGcCx0U31hgBG0If2ymVEKDuJPlLY3qYKj3qhyotaWiu/p5IINB6FHhpZwBmoGe9TPzPa8fGv+gkXEaxQckmi/xYUBPSLB/a4wqZEaOUAFM8vZWyAShgJk0xC8GZfXmeNE4qzlnFvj0tV6+mcRTIPjkgR8Qh56RKbkiN1Akjj+SZvJI368l6sd6tj0nrgjWd2SN/YH3+ABvQm9I=</latexit>

! = r^ u = 0

Taking curl of momentum equation eliminates p and gravity, yielding
<latexit sha1_base64="PzNir+Tw22QXydhXsa4PJBeIQlM="></latexit>

D!

Dt
= ! ·ru + ⌫r2!

is a measure of the flow’s swirl

  vortex 
stretching

 advection  diffusion



 Inviscid, irrotational flows	 Electrostatics

 · source-sink flows	 · fields from point charges

 · flows near walls identical to electric fields near insulating boundaries

	 Mathematical methods directly transferable

 · method of images,  superposition,  Gauss’s Law, complex potentials

<latexit sha1_base64="TwftauUgaE6q201oXAWzZw+hC/g=">AAAB/nicbVBNS8NAEJ3Ur1q/quLJy2IRPJVERL0IRS8eK1hbaEqZbDft0s0m7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9IBNfGdb+dwtLyyupacb20sbm1vVPe3XvQcaooa9BYxKoVoGaCS9Yw3AjWShTDKBCsGQxvJn7zkSnNY3lvRgnrRNiXPOQUjZW65YPMD0KSjskV8SUGAolfH/BuueJW3SnIIvFyUoEc9W75y+/FNI2YNFSg1m3PTUwnQ2U4FWxc8lPNEqRD7LO2pRIjpjvZ9PwxObZKj4SxsiUNmaq/JzKMtB5Fge2M0Az0vDcR//PaqQkvOxmXSWqYpLNFYSqIickkC9LjilEjRpYgVdzeSugAFVJjEyvZELz5lxfJw2nVO6+6d2eV2nUeRxEO4QhOwIMLqMEt1KEBFDJ4hld4c56cF+fd+Zi1Fpx8Zh/+wPn8Aap8lKc=</latexit>

u = r� <latexit sha1_base64="DO3qZvxK70t69MtH01HybER9W+4=">AAAB/nicbVDLSgNBEOyNrxhfUfHkZTAInsKuiHoRgiJ4jGAekA2hdzKbDJmdXWZmhbAE/BUvHhTx6nd482+cPA6aWNBQVHXT3RUkgmvjut9Obml5ZXUtv17Y2Nza3inu7tV1nCrKajQWsWoGqJngktUMN4I1E8UwCgRrBIObsd94ZErzWD6YYcLaEfYkDzlFY6VO8SDzg5DcjsgV8SUGAolf7fNOseSW3QnIIvFmpAQzVDvFL78b0zRi0lCBWrc8NzHtDJXhVLBRwU81S5AOsMdalkqMmG5nk/NH5NgqXRLGypY0ZKL+nsgw0noYBbYzQtPX895Y/M9rpSa8bGdcJqlhkk4XhakgJibjLEiXK0aNGFqCVHF7K6F9VEiNTaxgQ/DmX14k9dOyd152789KletZHHk4hCM4AQ8uoAJ3UIUaUMjgGV7hzXlyXpx352PamnNmM/vwB87nD17slHc=</latexit>

E = r�

<latexit sha1_base64="XRD96aPiEQrvxaD8FV0vDAfiKJs=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5KIqBeh6MVjBfsBTSibzaZdutmE3YlQQk9e/CtePCji1d/gzX/jts1BWx8MPN6bYWZekAquwXG+rdLS8srqWnm9srG5tb1j7+61dJIpypo0EYnqBEQzwSVrAgfBOqliJA4EawfDm4nffmBK80Tewyhlfkz6kkecEjBSzz7MvSDCcow9GiaAPUkCQbDXGHB8hZ2eXXVqzhR4kbgFqaICjZ795YUJzWImgQqiddd1UvBzooBTwcYVL9MsJXRI+qxrqCQx034+fWOMj40S4ihRpiTgqfp7Iiex1qM4MJ0xgYGe9ybif143g+jSz7lMM2CSzhZFmcCQ4EkmOOSKURAjQwhV3NyK6YAoQsEkVzEhuPMvL5LWac09rzl3Z9X6dRFHGR2gI3SCXHSB6ugWNVATUfSIntErerOerBfr3fqYtZasYmYf/YH1+QPNJJdm</latexit>

n ·r� = 0

<latexit sha1_base64="yqyrvJpXiEhu16CrS1QNYXvd6kU=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUUS9C0YvHCvYDmlg22027dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Cyura+kZxs7S1vbO7Z5f3WypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORtdTv/1ApWKxuNPjhPoRHggWMoK1kXp22RM44Pi+hrzGkKFL5PTsilN1ZkDLxM1JBXI0evaX149JGlGhCcdKdV0n0X6GpWaE00nJSxVNMBnhAe0aKnBElZ/NTp+gY6P0URhLU0Kjmfp7IsORUuMoMJ0R1kO16E3F/7xuqsMLP2MiSTUVZL4oTDnSMZrmgPpMUqL52BBMJDO3IjLEEhNt0iqZENzFl5dJq1Z1z6rO7WmlfpXHUYRDOIITcOEc6nADDWgCgUd4hld4s56sF+vd+pi3Fqx85gD+wPr8AQvEko4=</latexit>

r2� = 0
<latexit sha1_base64="Sic6pUypmQGUt9pEVkFh2iPbf90=">AAACEnicbVBNS8NAEN34WetX1aOXxSLopSQi6kUoevFYwX5AU8pkO2mXbjZhd6OU0N/gxb/ixYMiXj1589+YpD1o64OBx3szzMzzIsG1se1va2FxaXlltbBWXN/Y3Nou7ew2dBgrhnUWilC1PNAouMS64UZgK1IIgSew6Q2vM795j0rzUN6ZUYSdAPqS+5yBSaVu6ThxPZ+6YYB9GNNL6krwBFD3AXt9pLkZZ7pd7JbKdsXOQeeJMyVlMkWtW/pyeyGLA5SGCdC67diR6SSgDGcCx0U31hgBG0If2ymVEKDuJPlLY3qYKj3qhyotaWiu/p5IINB6FHhpZwBmoGe9TPzPa8fGv+gkXEaxQckmi/xYUBPSLB/a4wqZEaOUAFM8vZWyAShgJk0xC8GZfXmeNE4qzlnFvj0tV6+mcRTIPjkgR8Qh56RKbkiN1Akjj+SZvJI368l6sd6tj0nrgjWd2SN/YH3+ABvQm9I=</latexit>

! = r^ u = 0



 Static heat equation  Vorticity equation for
  unidirectional flows

 · vorticity evolves as a passive scalar

	 Rayleigh-Stokes First
	 and Second Problems

<latexit sha1_base64="KXxEA9JmBxlUDUW5aDDICUlJwxk=">AAACGnicbVDLSgMxFM34rPVVdekmWARXZaaIuhGKblxW6As6tdxJM21oJhOSjFCGfocbf8WNC0XciRv/xkxbUFsPBA7n3MvNOYHkTBvX/XKWlldW19ZzG/nNre2d3cLefkPHiSK0TmIeq1YAmnImaN0ww2lLKgpRwGkzGF5nfvOeKs1iUTMjSTsR9AULGQFjpW7B80MFJPUlKMOA49r4h5sxvsT+EKQE7AsIONyVca1bKLoldwK8SLwZKaIZqt3Ch9+LSRJRYQgHrdueK00nzY4QTsd5P9FUAhlCn7YtFRBR3Ukn0cb42Co9HMbKPmHwRP29kUKk9SgK7GQEZqDnvUz8z2snJrzopEzIxFBBpofCxIaOcdYT7jFFieEjS4AoZv+KyQBsV8a2mbclePORF0mjXPLOSu7tabFyNasjhw7RETpBHjpHFXSDqqiOCHpAT+gFvTqPzrPz5rxPR5ec2c4B+gPn8xuHhqCA</latexit>

@T

@t
= r2T

<latexit sha1_base64="wzwtXKZxXdzWk6TY+EzJUc9Krc8=">AAACJ3icbVBNS8NAEN3Ur1q/qh69LBbBU0mKqBel6MVjBfsBTSyT7aZdutmE3Y1QQv+NF/+KF0FF9Og/cdNW1NaBgcebN8y858ecKW3bH1ZuYXFpeSW/Wlhb39jcKm7vNFSUSELrJOKRbPmgKGeC1jXTnLZiSSH0OW36g8ts3ryjUrFI3OhhTL0QeoIFjIA2VKd47gYSSOrGIDUDjt0opD0Y/RB6hM+wKxLT4HO4reDU9YNvXadYssv2uPA8cKaghKZV6xSf3W5EkpAKTTgo1XbsWHtpdoxwOiq4iaIxkAH0aNtAASFVXjr2OcIHhuniIJKmhcZj9vdGCqFSw9A3yhB0X83OMvK/WTvRwamXMhEnmgoyORQkxnyEs9Bwl0lKNB8aAEQy8ysmfTDBaRNtwYTgzFqeB41K2Tku29dHperFNI482kP76BA56ARV0RWqoToi6B49ohf0aj1YT9ab9T6R5qzpzi76U9bnF2FTpjY=</latexit>

@!

@t
= ⌫r2!



 Vortex dynamics	 Magnetic induction equation

 Rapidly rotating flows	 Strong background field

 Taylor-Proudman Thm  Taylor
 column

flow constrained to be 2D

 Magnetic
 column

<latexit sha1_base64="0Dvt4VWpBJTJDE0HtLMNXMl/TEs="></latexit>

@!

@t
+ u ·r! = (! +⌦) ·ru+ ⌫r2!

<latexit sha1_base64="ct0VtYy8Ze1F/2E3PCykXZcNou8="></latexit>

@B

@t
+ u ·rB = (B+B0) ·ru+ ⌫r2B

<latexit sha1_base64="FH3RxL0UtNo13tl/vKsXTzLNqXY=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4KomIehGKXrxZwX5AE8pku2mXbjZhdyOUkH/gxb/ixYMiXr1689+YpDlo64OBx3szzMzzIs6UtqxvY2FxaXlltbJWXd/Y3No2d3bbKowloS0S8lB2PVCUM0FbmmlOu5GkEHicdrzxde53HqhULBT3ehJRN4ChYD4joDOpbx4ljudj5zagQ0ixQwahxo4AjwMunDjFl9iq9s2aVbcK4Hlil6SGSjT75pczCEkcUKEJB6V6thVpNwGpGeE0rTqxohGQMQxpL6MCAqrcpPgnxYeZMsB+KLMSGhfq74kEAqUmgZd1BqBHatbLxf+8Xqz9CzdhIoo1FWS6yI851iHOw8EDJinRfJIRIJJlt2IyAglEZxHmIdizL8+T9kndPqtbd6e1xlUZRwXtowN0jGx0jhroBjVRCxH0iJ7RK3oznowX4934mLYuGOXMHvoD4/MHNHua1Q==</latexit>

⌦ ·ru = 0
<latexit sha1_base64="sZjbCcXuwkCjWWd9P7QCpREuJso=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVSYi6kYodeOygn1AE8pkMmmHTiZhZiKUkA9w46+4caGIWz/AnX/jJM1CWw8MHM45lzv3eDFnSiP0bVVWVtfWN6qbta3tnd29+v5BT0WJJLRLIh7JgYcV5UzQrmaa00EsKQ49Tvve9Cb3+w9UKhaJez2LqRvisWABI1gbaVRvpI4XwPYIZdAhfqShI7DHMSzkJIPXENVMCjVRAbhM7JI0QInOqP7l+BFJQio04VipoY1i7aZYakY4zWpOomiMyRSP6dBQgUOq3LQ4JoMnRvFhEEnzhIaF+nsixaFSs9AzyRDriVr0cvE/b5jo4MpNmYgTTQWZLwoSDnUE82agzyQlms8MwUQy81dIJlhiok1/eQn24snLpHfWtC+a6O680WqXdVTBETgGp8AGl6AFbkEHdAEBj+AZvII368l6sd6tj3m0YpUzh+APrM8fX42ZQw==</latexit>

B0 ·ru = 0



 The Weissenberg effect                        The Galactic bulge

•  exploit the analogy between elastic fluids and electrically conducting fluids

•  might the Galactic bulge be an analog of the Weissenberg effect?


