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Potential flows with electromagnetically induced circulation
in a Hele-Shaw cell
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In Hele-Shaw cells, pressure-driven viscous fluid motion between two closely-spaced
plates gives rise to a two-dimensional potential flow with zero circulation. Here, we show
how the introduction of electromagnetic effects enables the realization of potential flows
with circulation. We present canonical Hele-Shaw experiments with circulation prescribed
by the electromagnetic configuration, and rationalize the observed flows theoretically. We
also draw an analogy between this new class of circulatory potential flows and a class of
electrostatic systems.
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I. INTRODUCTION

In 1898, Hele-Shaw [1] demonstrated experimentally that the motion of a viscous fluid through
a narrow gap may be described in terms of a two-dimensional potential flow. Stokes [2] later
demonstrated the correspondence mathematically. Potential flow is usually associated with the
inviscid, irrotational flows expected to arise at high Reynolds numbers. In practice, the potential
flow description of high Reynolds number flow past obstacles fails since any small amount of
viscosity induces vorticity in the boundary layer and concomitant flow separation [3,4]. Somewhat
surprisingly, the most effective way to realize planar potential flows is in a thin gap geometry
dominated by viscous effects [[5], p. 8], the so-called Hele-Shaw cell.

In general, the two-dimensional potential flow past a set of obstacles is not unique until the
circulation around each obstacle is prescribed. While the circulation alone dictates the lift on an
aerofoil in an inviscid flow [[4], p. 406], the circulation cannot be predicted within the framework
of inviscid theory, without appealing to additional physics. Ultimately, viscous effects dictate the
lift in high Reynolds number flows. For steady flow past an aerofoil with a single sharp corner, the
Kutta condition [[4], p. 438] requires that the velocity remain finite at the trailing edge of an aerofoil
and may be applied to specify a unique value of the circulation. In problems without sharp corners,
there is no general procedure for computing the circulation [6]. For example, in the potential flow
modeling of flow past a rotating cylinder, the Magnus lift [7] is given by FL = ρU� [[4], p. 427],
and the circulation must be prescribed in an ad hoc manner. Here, we demonstrate how one may
introduce a predictable amount of circulation into a two-dimensional potential flow.

In the Hele-Shaw cell, inertial terms are negligible and viscous forces are balanced by pressure
gradients. Flow is fully developed across the gap height, specifically with a parabolic profile in
the vertical z coordinate, as depicted in Fig. 1. In each plane of the cell, the two-dimensional
fluid velocity u is proportional to the pressure gradient ∇p so the incompressibility condition,
∇ · u = 0, dictates that the pressure be harmonic, ∇2 p = 0. Thus, the fluid flow is a two-dimensional
potential flow with the potential being the pressure [8]. Notably, such fluid flows necessarily
possess zero circulation, as follows from evaluating the circulation around any closed curve
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FIG. 1. The Hele-Shaw cell is filled with saltwater and placed atop a permanant neodymium magnet, whose
field is B = B0 ẑ. Aluminum obstacles are placed into the cell from above. A pressure gradient drives flow from
left to right. Circulation is induced by applying an electric current between the anode and cathode in the
presence of the magnetic field.

∂�, � ∝ ∫
∂�

∇p · tdl . Since p is a single-valued function, � necessarily vanishes. Pressure-driven
Hele-Shaw flows are thus only capable of realizing potential flows with zero circulation. The
potential flow solution realized in a pressure-driven Hele-Shaw cell is thus unambiguous: the
circulation around any body in the flow is always precisely zero. Thus, the Hele-Shaw cell is limited
in its capacity to realize potential flows. As stated by Van Dyke [[5], p. 9], “The Hele-Shaw analogy
cannot represent a flow with circulation. It therefore shows the streamlines of potential flow past an
inclined plate with zero lift”. We here demonstrate that electromagnetic effects—specifically Lorentz
forces—may be used to realize Hele-Shaw flows with nonzero circulation. By enabling circulation
around obstacles in Hele-Shaw flows, we expand their utility, and expect applications to arise in
microfluidic mixing, flow control, and particle manipulation [9–11].

Magnetic and electo-osmotic effects have been used in a variety of microfluidic settings [9,12–
15]. In Hele-Shaw cells, electro-osmotic effects can cancel the perturbation of a uniform flow caused
by an obstacle, providing the basis for hydrodynamic cloaking [16]. When electrical properties
vary across the cell, electo-osmotic flows may possess nonzero circulation. Similarly, pressure-
driven Hele-Shaw flows may possess circulation when the bounding cell has a variable gap thickness
[17]. Both these mechanisms for generating circulation rely on heterogeneity in the Hele-Shaw
cell, either in electrical properties or gap thickness. In the present paper, we investigate a system
introduced theoretically in [10]. Specifically, we consider flows in a uniform-gap-width Hele-Shaw
cell subjected to a transverse uniform magnetic field, when electrical current is passed between
conducting obstacles embedded in the cell. We thus use electromagnetic effects to induce circulation
around each obstacle, and rationalize our observations theoretically.

The standard circulation-free Hele-Shaw cell serves as a robust platform for investigating prob-
lems in porous media and electrostatics. In the analogy with porous media flows obeying Darcy’s
Law [18–20], u = −k∇p, the porous media permeability k is mapped directly to k = h2/12, h
being the Hele-Shaw cell thickness. Thus, Darcy flows with variable permeability can be modeled in
Hele-Shaw cells by varying the gap thickness h(x). Porous media flows arise in filtration, petroleum
production, and groundwater flows [21]; consequently, the Hele-Shaw analogy is widely used in
the laboratory modeling of flow in porous media [22–25]. In the electrostatic analogy (see Table I),
fluid flow streamlines correspond to electric field lines, impermeable obstacles to perfect electrical
insulators, and fluid sources and sinks to positive and negative point charges, respectively. The
electrostatic analogy is valuable in that it allows for the visual solution to electrostatic problems in
complex geometries where it may be difficult to obtain mathematical solutions [[1], Figs. 9 and 10].

McKee [10] recently showed, theoretically, that circulation may be introduced into Hele-Shaw
flows, when electric current passes through an electrically conducting fluid in the presence of a

054103-2



POTENTIAL FLOWS WITH ELECTROMAGNETICALLY …

TABLE I. Summary of existing and new analogies for Hele-Shaw flows past perfect obstacles. Note that
in addition to the boundary conditions displayed in the table, the circulations of the gradients of p, V , and ψ

must all be zero; specifically,
∫

∂�k
∇p · tdl = ∫

∂�k
∇V · tdl = ∫

∂�k
∇ψ · tdl = 0 for any body ∂�k . Below, Vk

are the prescribed voltages on each obstacle surface ∂�k , where k ∈ {1, 2, · · · , N} when N bodies exist in the
flow.

Systema Field Equation BC as ||x|| → ∞ BC on ∂ �k

PD Uniform HSF past obstacles u = − h2

8μ
∇p ∇2 p = 0 u ∼ U x̂ u · n = 0

ES field around insulators E = −∇V ∇2V = 0 E ∼ E0x̂ E · n = 0

ES field around conductors E = −∇V ∇2V = 0 ||∇V || ∼ 0 V = Vk

MH HSF around obstacles u = ∇ψ × ẑ ∇2ψ = 0 ||∇ψ || ∼ 0 ψ = h2B0σVk/(8μ)

aWe use the abbreviations in the table: “PD” denotes pressure-driven; “HSF” denotes Hele-Shaw flow; “ES”
denotes electrostatic; “MH” denotes magnetohydrodynamic.

uniform external magnetic field. A single experiment was presented to motivate the theoretical
developments and no quantitative comparison with theory was presented. While McKee [10]
suggested the possibility of combining pressure-driven flows with electromagnetic flows, no such
experiments were performed. We proceed by reporting a set of experiments in a Hele-Shaw cell
that illustrate pressure driven potential flows with electomagnetically-induced circulation. We then
compare our experimental observations to theoretical predictions.

II. EXPERIMENTS

A Hele-Shaw cell was constructed out of stacked laser-cut acrylic sheets, with a gap thickness
of h = 1.5 mm. The cell was filled with salt-water (NaCl), with molarity 3.31 ± .16 mol/L, which
at 20◦C corresponds to a viscosity of μ = 1.43 ± 0.07 cP [[26], pp. 5–142]. The entire cell was
placed atop a DZ08-N52 Neodymium Disc Magnet which produced a vertical magnetic field of
B0 = 210 ± 20 mT, as measured with a Gaussmeter. The Reynolds number in the flow, based on the
cell thickness h, is defined as Re = Uhρ/μ. The Hele-Shaw approximation requires that h/L 	 1
and Re(h/L) 	 1, where L is the characteristic lateral length-scale of the flow. In our case, using the
typical obstacle scale L = 1 cm, we find h/L = 0.15 and Re(h/L) = 0.09. A schematic illustration
of our experiment is presented in Fig. 1.

The flow obstacles were made from aluminum and cut into the desired shapes using a CNC
machine and then placed into the cell through a hole in the top plate of the Hele-Shaw cell [27].
The flows past an aerofoil and a circle are presented in Figs. 2 and 3, respectively. A thin aluminum
rectangular electrode was also immersed in the flow to act as an electrical current sink, and is
evident in the top of each panel of Figs. 2 and 3. A voltage was applied between the obstacles
and the rectangular electrode, causing a net electrical current to flow between them, and inducing
a flow circulation. Concurrently, a syringe pump was used to generate a uniform stream past the
obstacles. To visualize the flow, black dye was inserted into a number of ports in the Hele-Shaw cell
lid upstream of the obstacle and so traced out flow streamlines.

The first experiments were performed with an aerofoil-shaped obstacle. Figure 2(a) illustrates a
uniform stream flow past the aerofoil when no voltage was applied. In this case, no electromagnetic
forces act on the fluid, resulting in a simple pressure-driven potential flow with zero circulation. As
noted by Van Dyke [[5], Fig. 4, p. 10] “because the Hele-Shaw flow cannot show circulation, the
Kutta condition is not enforced at the trailing edge”.We then relax the zero-circulation restriction
using electromagnetic forcing. As the voltage between the aerofoil and the plate is increased, a
nonzero circulation is induced in the potential flow. The flow in Fig. 2(b) was achieved by fixing the
flow rate in the Hele-Shaw cell (Q = 140 mL/s) and adjusting the voltage difference between the
aerofoil and rectangular electrode until the streamlines approximated those of the Kutta solution. In
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FIG. 2. Experimental images of Hele-Shaw flow past an aerofoil with: (a) zero circulation (Vapp = 0V),
(c) circulation near the Kutta value (Q = 140 mL/min and Vapp = 0.51V), and (e) a circulation significantly
larger than the Kutta value (Q = 100 mL/min and Vapp = 0.51V). The voltage was held constant and the flow
rate adjusted so that �/Q in (e) is 1.4 times larger than in (c). (b), (d), (f) Theoretical streamlines (blue)
deduced from the analysis in Appendix are overlaid on the experiments of (a), (c), (e). In (d), streamlines are fit
to the experiments by choosing � = 1.22�K . In (f), theoretical streamlines are plotted corresponding to a 40%
increase in the parameter �/Q relative to panel (d). The magnitude of the vertical magnetic field was measured
to be B0 = 210 ± 20 mT.

Fig. 2(e), the voltage and thus circulation was fixed at the same value as that in Fig. 2(c), while the
flow rate was decreased by 40% to Q = 100 mL/s, thereby enhancing the effect of the circulation.

In a second set of experiments, we examined the flow past a circular obstacle and directly
measured the electric current with an ammeter. Figure 3(a) shows a uniform flow past the circle
with no electrical current or induced circulation. When the voltage difference between the circle and
rectangular electrode was increased, the streamlines were bent as illustrated in the panel in Fig. 3(c).
Over the course of the experiment, the electrical current was measured to be I = 1.75 ± 0.05 mA.
We now describe the theory used to produce the theoretical streamline predictions presented in Figs.
2 and 3.

III. THEORY

A. Mathematical model

Consider the flow of an electrically neutral conducting fluid in the Hele-Shaw geometry, subject
to an external constant magnetic field [28] directed normal to the cell walls, B = B0ẑ. Let the
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FIG. 3. Experimental images of Hele-Shaw flow past a circle with: (a) zero circulation and (c) nonzero
circulation induced by applying an electric current between the circle and the rectangular electrode. (b), (d)
Theoretical streamlines deduced from the analysis in Appendix are overlaid on the experiments (a), (c). In
(d), the circulation was computed using Eq. (4). The vertical magnetic field magnitude was measured to be
B0 = 210 ± 20 mT, and the electrical current was I = 1.75 ± 0.05 mA.

obstacles in the cell (aerofoils, etc.) be electrodes to which voltages are applied (see Fig. 1). Electric
current then flows through the fluid according to Ohm’s law, J = σE, where J is the current density,
E is the electric field, and σ the electrical conductivity of the fluid. Then, the magnetic body force
on the fluid is prescribed by the Lorentz force, FL = σB0E × ẑ. Since ∇ · FL = ∇ × FL = 0, one
may represent the magnetic force in terms of a Lorentz force potential φ as follows, FL = ∇φ(x, y)
[10,11]. As such, the total flow in the gap between z = 0 and z = h becomes,

u(z, y, z) = z(h − z)

2μ
(∇φ − ∇p), (1)

where both the pressure, p(z, y), and the Lorentz force potential, φ(x, y), are harmonic functions
[29]. Thus, in the presence of electromagnetic forcing, the flow retains a potential flow structure.
Notably, while the pressure is constrained to be single-valued, there is no such restriction on the
Lorentz force potential, φ [10], which introduces the possibility of nonzero circulation. We proceed
by deriving the magnitude of the electromagnetically-induced circulation.

To simplify our discussion, we choose now to analyze the flow in the mid-plane of the Hele-Shaw
cell where z = h/2 and we label this flow u = u(x, y, h/2). Note that the flow is identical in each
horizontal plane, up to a scaling constant. In the mid-plane, the circulatory part of the flow can be
written as

ucirc = h2

8μ
∇φ = h2B0

8μ
J × ẑ, (2)

so that the induced circulation around a body � may be written

� = h2B0

8μ

∫
∂�

J × ẑ · t̂dl, (3)

where t̂ is the unit tangent vector to ∂�. Noting that the total current leaving the body is given by
I = h

∫
∂�

J · n̂dl , we may use the relation J × ẑ · t̂ = −J · n̂ to write the induced flow circulation
as

� = −hB0I

8μ
, (4)
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as measured in a right-handed sense about the positive zaxis [30]. When there are multiple bodies in
the flow, the circulation �k around the kth body can be written in terms of the net current leaving that
body Ik , according to �k = −hB0Ik/(8μ). The induced circulation around each electrode scales as
the product of the magnetic field strength and the net current leaving that electrode. The magnitude
of the circulation may thus be deduced in terms of a few quantities that are relatively straightforward
to measure: B0, I , h, and μ. With the circulation around each obstacle prescribed by Eq. (4), the
mathematical problem of finding the potential flow past the obstacles is fully posed. We now outline
our technique for computing such flows, which makes use of a complex variables formulation of the
problem [10].

The electrical potential V (E = −∇V ) can be represented as the real part of a complex potential
WE (z) that is analytic over the fluid domain, where z = x + iy. The complex electric field is then
given by E = −dWE/dz, where the overline represents complex conjugation and the current density
is simply J = σE . Within the complex variables framework, the cross product in the Lorentz
force becomes a simple multiplication by i. Meanwhile, the harmonic pressure field can also be
represented as the real part of an analytic function p = Re{Wp}. The complex fluid flow velocity in
the midplane becomes (see [10] for details)

u = h2

8μ

(
−iσB0

dWE

dz
− dWp

dz

)
. (5)

The complex potential for a source of circulation takes the form i(�/2π ) log (z) with � ∈ R, whose
real part is multi-valued. Hence, the physical constraint that p be single-valued clearly precludes
the existence of circulation. However, there is no such restriction on the magnetic potential as was
evidenced in the calculation leading to Eq. (4). It has been shown that the complex potential can
be found via conformal maps or rapidly converging series solutions [10]. We use an extension of
the framework laid out in [10] to construct theoretical predictions for the experiments presented
herein. Numerical details are given in Appendix. We proceed by comparing theoretical predictions,
as computed using our complex variables framework, with the experiments illustrated in Figs. 3
and 2.

B. Comparison with experiments

Consider the aerofoil experiments presented in Fig. 2. In Fig. 2(a), no electrical current is
applied and hence a zero circulation solution past the aerofoil is realized. Theoretical stream-
lines corresponding to � = 0 are plotted in blue in Fig. 2(b), yielding good agreement with the
experiment. In the experiment presented in Fig. 2(c), the flow circulation was tuned to roughly
satisfy the Kutta condition. Details on how to compute theoretical flow streamlines corresponding
to the precise Kutta condition are included in Appendix. In the aerofoil experiments, the electrical
current was not directly measured so that we cannot employ Eq. (4) to predict the circulation.
Instead, we used � to fit the streamlines for the aerofoil experiment in panel (c). We found an
accurate theoretical fit for � = 1.22�K , 22% above the Kutta condition. The theoretically predicted
streamlines, corresponding to � = 1.22�K , are plotted in Fig. 2(d), and show good agreement
with the experiments. In computing the streamlines for the experiments of Fig. 2(e), there is no
additional fitting. The circulation is kept the same as in the experiment in Fig. 2(c), but the flow
rate is reduced by a factor of 1.4 to 100 mL/min. Since, for a particular geometry, the streamlines
only depend on the nondimensional parameter G = �/(UL) with L being the body length [31],
this decrease in U has the same effect on streamlines as an increase of � by the same factor.
Thus, the theoretical prediction for the streamlines at the new flow rate, in Fig. 2(f), were obtained
by simply repeating the streamline calculation leading to Fig. 2(d), but with a 40% increase in
the circulation, � = 1.4(1.22�K ) = 1.71�K , and without changing the flow rate. The theoretically
predicted streamlines with � = 1.71�K are plotted in blue in the panel in Fig. 2(f), and show
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excellent agreement with the experiment of the panel in Fig. 2(e). To summarize, the circulation was
fit to reproduce the experimental streamlines from Fig. 2(c) and then used to predict the theoretical
streamlines presented in Fig. 2(f).

We now consider the flow past a circle, presented in Fig. 3. In this experiment, the electric current
was measured directly so that no fitting was required. We thus directly confirm the validity of our
expression for the electromagnetically-induced circulation, Eq. (4). In Fig. 3(a), no electrical current
is applied and a circulation-free flow is produced. Theoretical streamlines corresponding to � = 0
are plotted in Fig. 3(b), yielding good agreement with the experiments. In the experiment illustrated
in Fig. 3(c), the electrical current between the circle and rectangular electrode was increased to
induce flow circulation, and its value was measured with an ammeter. The circulation is then
predicted using Eq. (4) and we find that � = 48 ± 7 mm2/s, where the error is determined through
summing the errors of B0, I, h, and μ in quadrature. In Fig. 3(b), we draw the theoretically predicted
streamlines corresponding to our computed circulation. Here, we chose to plot flow streamlines for
a value of � within the error range of our prediction, � ∈ (41, 55) mm2/s, which best aligns with
the experiments. The experimental and theoretical streamlines are in satisfactory agreement with a
circulation value of � = 55 mm2/s.

IV. DISCUSSION AND CONCLUSION

We note that the Hele-Shaw approximation breaks down inside a boundary layer around each
obstacle with a thickness on the order of h, since the potential flow solution fails to satisfy the no-slip
condition on each obstacle surface [32]. In Figs. 3(b) and 3(d), the dark blue dotted line outlines a
boundary layer of thickness h around the obstacle. The streamline that approaches the circle most
closely in Fig. 3(a) enters this boundary layer wherein enhanced shear promotes diffusion of the dye,
rendering the dye line invisible in the wake of the circle. Scaling up the obstacles size and increasing
the dye line separation from obstacles would mitigate this effect; however, our experiment was
limited by the size of our magnet, which was roughly 8 cm in diameter.

We have shown how electromagnetic effects allow one to introduce circulation into Hele-Shaw
flows; furthermore, we have demonstrated that the magnitude of this circulation is simply described
by Eq. (4). We have illustrated this conceptual advance with Hele-Shaw flows past aerofoils and
circles, which conformed to our theoretical predictions. Finally, we show how these new Hele-Shaw
flows, which possess circulation, allow for an extension of the existing analogy with electrostatics.
The existing and new analogies are summarized in Table I. In the traditional pressure-driven
Hele-Shaw cell, flow streamlines around obstacles correspond to electric field lines impinging
upon perfect electrical insulators. In the magnetohydrodynamic Hele-Shaw cell developed here,
streamlines correspond to contours of electrical potential around a set of perfect electrical conduc-
tors. When the pressure vanishes (Wp = 0), it is evident from Eq. (5) that the complex velocity
potential is given by WU = φ + iψ = ih2σB0/(8μ)WE , where φ is the velocity potential and ψ the
streamfunction. The condition Wp = 0 is satisfied whenever all obstacles in the flow are perfect
electrical conductors and when no external pressure gradient is applied. Hence, the streamfunction
of the fluid flow satisfies ψ = h2B0σV/(8μ), where V is the electrical potential. Dye lines in
the magnetohydrodynamic Hele-Shaw cell thus trace out the electrical potential contours for the
electrostatic solution around conducting obstacles with applied voltages.
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APPENDIX: NUMERICAL SOLUTION FOR POTENTIAL FLOW
AND THE KUTTA CONDITION IMPOSITION

1. The conformal map to our aerofoil

a. The mapping

Our aluminum aerofoil is well approximated by the conformal map, from the unit circle, defined
by

z(ζ ) = Seiθ f (ζ ) + C, (A1)

f (ζ ) = (ζ + s) + μ

(ζ + s)
, (A2)

s = √
μ − 1, (A3)

S = 20/( f (1) − f (−1)) (A4)

C = 10 − S f (ζ ) (A5)

μ = 0.78, (A6)

where the scale S is chosen to give the aerofoil a length of 20 mm, and θ is the pitch angle of the
aerofoil. In the complex plane, z = x + iy represents a point in the physical domain exterior to an
aerofoil, whereas ζ (z) is the image of this point under a conformal mapping from z onto the exterior
of the unit circle.

Our choice of s ensures the aerofoil has a sharp trailing edge at the image of the point ζ = 1.
With S and s so chosen, based on the length and sharp edge of the aerofoil used in our experiment,
the entire map is controlled by the single parameter μ ∈ R. We find μ ≈ 0.78 best represents our
aerofoil (see Fig. 4). In our experiments, we have a pitch angle of θ = −25◦.

b. Flow past the isolated aerofoil

The flow exterior to the aerofoil can be found by first deducing a solution exterior to the unit
disk and then using the conformal mapping principle. A uniform flow past a circle with free-stream
velocity U ∈ R at an angle α as measured from the positive real axis, and a circulation �, can be
written as

W (ζ ) = U

(
eiαζ + e−iα

ζ

)
+ i�

2π
log (ζ ). (A7)

The angle α of the flow in the circle domain must be chosen in order to ensure a horizontal uniform
flow in the physical domain after the conformal mapping of Eq. (A7). To ensure that the potential
in the physical domain, W (ζ (z)), has magnitude U0 parallel to the real axis, we require W ∼ U0z as
|z| → ∞. We must thus choose α = θ and U = U0S. The complex potential then becomes

W (ζ ) = U0S

((
eiθ ζ + e−iθ

ζ

)
+ i�

2πU0S
log (ζ )

)
. (A8)

Since the conformal map z(ζ ) is independent of � and U0, it is clear that the streamlines of the flow
are governed by the single nondimensional parameter �/(U0S) where S is a constant for our single
aerofoil geometry. Thus the ratio of circulation to free-stream velocity alone sets the streamline
shape around the aerofoil.

c. The Kutta condition without boundaries

The velocity in the physical domain is given by (dW/dζ )/(dz/dζ ). If the map derivative dz/dζ

possesses a zero, then the velocity diverges unless dW/dζ possesses a zero simultaneously. The
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FIG. 4. The aluminum aerofoil was cut using a CNC machine according to the points labelled by black
circles connected by a thin black line. The fit of the experimental aerofoil to the analytical aerofoil expression
described in Eqs. (A1)–(A6) is given in red. The axes are labeled in units of millimeters. Despite its apparently
complex form, the analytical map is parametrized according to the single parameter μ, which we take to be
equal to 0.78.

Kutta condition thus prescribes the circulation � to force dW/dζ to have a zero at exactly the same
point as the zero of dz/dζ and so desingularizes the velocity.

The map derivative for our aerofoil possesses a single zero at the point ζ = 1. To force the
complex potential to have a zero derivative at the same point, we must solve

0 = dW

dζ

∣∣∣
ζ=1

= U0S

((
eiθ − e−iθ

) + i�

2πU0S

)
, (A9)

which yields the expression for the Kutta circulation

�K = −4πU0S sin (θ ). (A10)

If there exist other obstacles in the flow, the Kutta condition changes and it cannot in general
be computed analytically. In recent work, the Kutta condition near a flat wall was investigated
analytically in the context of the ground effect [35], through the use of the prime function machinery
laid out by Crowdy [36].

2. Numerical method accounting for boundaries

Our system does not consist of an isolated aerofoil in a uniform stream. The Hele-Shaw cell walls
along with the rectangular electrode represent impermeable boundaries to the fluid flow. Compared
to the isolated aerofoil, the effect of boundaries is to 1) alter the flow streamlines and 2) change the
value of the Kutta circulation. The latter effect is well known in the context of the so-called ground
effect, whereby an aerofoil near a flat wall experiences an enhanced lift. The Kutta circulation in
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the ground effect was studied analytically by Baddoo et al. [35] for the special class of doubly-
connected geometries which does not include our system. We are thus required to solve numerically
for the flow streamlines in our system.

In order to do so, we exploit the complex variables formulation of potential flow, wherein the
complex velocity is given by u = dW/dz for a complex analytic function W (z). We denote each
obstacle (the aerofoil, the rectangular electrode, and the upper and lower walls) by �k where
k ∈ {1, 2, 3, 4}, and the corresponding boundaries by ∂�k . In our scheme, the upper and lower walls
are represented by horizontal slits much longer than the aerofoil length. At infinity, the complex
potential must converge to a uniform stream so that

W ∼ Uz, |z| → ∞, (A11)

and along each body boundary, the impermeability condition reduces to

Im{W (z)} = ψk, z ∈ ∂�k . (A12)

The Laplace problem is not completely posed until the circulation is also specified around each
boundary, ∫

∂�k

Re

{
dW

dz

dz

ds

}
ds = 
Re{W } = �k, (A13)

for each k ∈ {1, 2, 3, 4}. When bodies are smooth obstacles without sharp corners or thin ap-
pendages, the solution may be expressed in terms sum of Laurent series centered inside each of
the obstacles [37]. However, when obstacles are arc segments or if they possess sharp edges (such
as the aerofoil considered herein), the shape needs to be expanded via a conformal map first and then
the Laurent series centered in the new domain. In our problem, the conformal maps ζ j (z) between
each object exterior and the exterior of the unit circle is known. For each slit, this map is the usual
Joukowsky map whereas the aerofoil map is given by Eq. (A1). Thus, we can represent the complex
potential in a series,

W (z) = Uz + a0 +
4∑

j=1

( ∞∑
k=1

a( j)
k

ζ k
j

+ i
� j

2π
log

(
ζ j

))
. (A14)

We note that in our physical context, we know that circulation around the aerofoil ( j = 1) must
be equal and opposite to that around the rectangular electrode ( j = 2) since all the electric current
exiting the aerofoil enters the electrode. Thus, we can write the truncated complex potential in terms
of a single circulation, �, as follows:

W (z) ≈ Uz + a0 +
4∑

j=1

(
NL∑

k=1

a( j)
k

ζ k
j

+ i
�

2π
log (ζ1/ζ2)

)
. (A15)

It is straightforward to truncate each Laurent series and obtain the coefficients a( j)
k if � is known a

priori. After choosing sample points along each boundary, enforcing the impermeability condition
of Eq. (A12) leads to a least squares problem that can be solved to attain the series coefficients. Once
these coefficients are known, the solution can be evaluated everywhere in the solution domain. To
plot our theoretical predictions, � is known a priori from Eq. (4) so that theoretical streamlines can
be found in this manner.

However, for our aerofoil experiments, we wish to compare our experimentally attained circula-
tion to the Kutta value of circulation. A modified solution scheme is necessary to deduce the Kutta
circulation �K , as it is unknown a priori and must be found as a part of the numerical solution.
The Kutta value of circulation is chosen to enforce that the velocity does not diverge at the trailing
edge of the body. The singular velocity can be avoided by enforcing the condition dW (ζp)/dζ1 = 0
through an appropriate choice of �, where ζp denotes the sharp corner pre-image. We now enforce
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this condition on the form given in Eq. (A15). In particular, we consider the part of the potential that
may become singular at the trailing edge,

Winf (z) =
NL∑

k=1

a(1)
k

ζ1(z)k
+ i

� j

2π
log (ζ1(z)). (A16)

The normal component of the velocity in the flow will automatically be set to zero through the
solution of the least squares problem that enforces Eq. (A12). Thus, in Eq. (A16) we only need to
set the tangential component of the velocity to be zero in order to regularize the velocity. Due to
conformality, we can eliminate the tangential component of velocity directly in the ζ -plane. Noting
that u = dW/dz, and the tangent vector on the unit circle is simply t = iζ , the vanishing tangential
velocity condition becomes

0 = Re

{
dWinf

dζ
iζ

}∣∣∣∣∣
ζ=ζp

, (A17)

from which we deduce the Kutta value of circulation,

�K = 2π

NL∑
k=1

kIm

{
a(1)

k

ζ k
p

}
. (A18)

By substituting Eq. (A18) in for � in Eq. (A15), one finds a complex potential which enforces
the Kutta condition. A modified least squares problem, compared to that when � is specified
independent of the coefficients a( j)

k , can then be solved for the coefficients a( j)
k from which �K

can be computed via Eq. (A18). We have verified our numerical procedure by moving boundaries
far away from the aerofoil and noting that the circulation converges to the value predicted by
Eq. (A10).
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