
 
              Lecture 22
              
A.  The third Paradigm in HQA

B.  Generalized pilot-wave framework
                 
  



 

Experiment

··zp = FN(τ) − Bo

··xp + (𝒟hFN(τ) + 𝒟a) ·xp = − FN(τ)∇h

FN(τ) = − ℋ(−zp + zb + h)[𝒟v( ·zp − ·zb − ·h) + 𝒞v(zp − zb − h)]

Vertical dynamics: 

Horizontal dynamics: 

Normal force: 

Surface tension:	
linear spring

Linear drag

•   goes beyond variable-phase model by fully treating vertical dynamics

Pilot wave:

The state-of-the-art theoretical model of Bauyrzhan Primkulov

•   captures a number of phenomena that have to date eluded rationalization

Impact time, position: 

where 



Experiment

Experiment

Swaying start-up Intermittent walking Mode switching

Phase flipping

Nonresonant effects not captured with strobe models



Experiment

Swaying start-up



Experiment

Experiment

The swaying start-up of the (2,1) walker: 
Simulation



Experiment

Experiment

Mixed-state, `mode-switching’ walkers

Experiments Simulations

•   what we thought was periodic switching between  and  modes is actually a …(2,1)1 (2,1)2

… (22,11) mode!



Experiment

Experiment

Mixed-state, `mode-switching’ walkers



Experiment

Experiment

Intermittent walking



Experiment

Experiment

Intermittent walker



Experiment

Experiment

Chaotic walker



`Corrals’:  confine with central potential        

Experiment

•   captures mode-switching apparent at high Me, marked by reversals in direction

Mode switches        



A hydrodynamic analog of the Kapitza-Dirac effect

B.K. Primkulov, V. Frumkin, D.J. Evans, P.J. Sáenz, J.W.M. Bush



Kapitza-Dirac Effect (1933)

Experiment

•  the KD-effect is the diffraction of matter by light

Batelaan, Rev. Mod. Phys. (2007)

•  classic diffraction is the bending of light by matter

Freimund	et	al.,	Nature	2001

e.g. electrons by a laser-induced standing wave



The hydrodynamic  analog    

•  a walker traverses a deep region (above threshold) with a standing Faraday wave field

Bauyrzhan Primkulov    



λF

Observations

Strobed dynamics

Unstrobed dynamics

Resonant, fast

Resonant, fast

Non-resonant, slow



Analog of the KD effect

Resonant, fast Non-resonant, slow Resonant, fast



Experiment

Experiment

Observations
•  resonance of walkers disrupted above deep region, leading to relatively slow motion 

•  over the deep region, the walkers are sorted according to phase, channel, cross in a trough

•  downstream of deep region, motion marked by speed oscillations with wavelength ~ λF

•  because walkers may have one of two phases, channels spaced by λF /2

•  a number of diffraction angles are preferred



Experiment

Experiment

•  over the deep region, the walkers are sorted according to phase, channel, cross in a trough

•  because walkers may have one of two phases, channels spaced by λF /2

Channeling: sorting according to bouncing phase
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Experiment

Experiment

Preferred diffraction angles

•  a number of diffraction angles are preferred, qualitatively similar to that in KD diffraction



··zp = FN(τ) − Bo ··xp + (𝒟hFN(τ) + 𝒟a) ·xp = − FN(τ)∇(h + H )

FN(τ) = − ℋ(−zp + zb + h)[𝒟v( ·zp − ·zb − ·h) + 𝒞v(zp − zb − h)]

Simulations



Sorted by phase

In-line oscillations

Crossing the wave field

A

A

B

B



Experiment

Experiment

Diffraction pattern

•  simulations capture only central peaks



Ponderomotive Forces in Pilot-Wave Hydrodynamics

The thesis work of Davis Evans



Mechanism for the coherent emergent statistics at hight Me? 

•  based on the 2 existing HQA paradigms

•  two possible mechanisms have been proposed 

•  their shortcomings have prompted the development of Paradigm III



Paradigm I:  suggested by orbital dynamics 

•  at higher memory, these orbits destabilize, yield to chaotic pilot-wave dynamics 

•  at low memory, circular orbits along extrema of cavity mode are stable

Harris et al. (2013)

•  intermittent switching between periodic states results in multimodal statistics 



Paradigm II:  Friedel oscillations from the outer boundaries

•  in-line oscillations with  excited at corral’s edgeλF

•  preferred reflection angle of  gives rise to θR = 600
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statistical signature with wavelength 


                     λF cos π /3 = λF /2

θR



Paradigm II: Friedel oscillations from the outer boundaries
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In-line oscillations in a 

stadium-shaped corral



•  max in surface perturbation amplitude correspond to peaks in pdf, spaced at      λF /2

•  pdf prescribed by amplitude of the most unstable resonant wave mode of the cavity

MOST UNSTABLE CAVITY WAVE MODE



• emerge when a particle is subject to a rapidly oscillating force field

Average

Ponderomotive forces

Rapidly oscillating force

• particles driven to extrema in potential (MAX or MIN), where ∇U = 0

Mean ponderomotive force

Favg ∼ − ∇ |∇U |2

E.g.  Charge is a rapidly oscillating electric field: 



• stroboscopic models assume resonance between droplet and wave, fail to capture 
corral statistics (Durey et al. 2021)

Resonant: bounces at same phase each period : 

“Strobed” wavefield serves as a self-potential

?

?

?

Non-resonant: variable bouncing phase.

Must we truly model each bounce?

Can we infer an effective force?

Ponderomotive forces



Walker in a corral

•   non-resonant effects evident in velocity variations, and sporadic phase flips



Walker in a corral

 explores its own pilot-wave field

 variations of bouncing phase induced 
by its pilot-wave field 

Phase variations, flips

 dynamics, statistics not captured by the 
stroboscopic model 



𝜑(𝑥)

     Mean Wave 

+ h[𝑥, 𝑡; 𝑥𝑝(𝑡)]

Local pilot wave

( cos(𝜔𝑡)×)
Faraday frequency

𝜂(𝑥, 𝑡) =
Interface 
height

Stroboscopic Approximation (Oza 2013)

Standing wave 

(above threshold)

Mean wave induced by droplet

(below threshold)

OR

Wave modeling

•  superposition of mean wave field (cavity mode) and local pilot wave

•  the relative magnitude of these 2 wave components prescribes the system behavior



Horizontal Linear Momentum Balance

Stochastic walker dynamics

•  interpret the walker dynamics in terms of a stochastic process

•  consider parameter regime in which erratic, chaotic dynamics arises

Long time scale:

 inertia << drag

Background Force: 

White noise 2

Pilot Wave Force: 
White Noise 1



multiplicative noise induces an effective potential and a position-dependent 
diffusion coefficient

Horizontal Linear 
Momentum Balance

Fokker-Planck Equation      

Ponderomotive potential Position-dependent diffusion tensor

Stochastic walker dynamics

and  and  are the autocorrelation times of the horizontal and vertical dynamicsτ1 τ2

where

F0 = < F(t) cos ωt > , is the characteristic wave gradient,



Histogram (Expt)

Simulation

predicted histograms now exhibit peaks every half-wavelength, as in experiment

Experiment

Radial statistical signature

Steady-state pdf :

form depends on relative magnitudes of noise and background field



Experiment Simulation 
using

Radial statistical signature

Ponderomotive potential:

Anisotropic diffusion tensor:

UP(x, y) = −
σ2

Z

4ζ
|∇φ(x, y) |2



ponderomotive effects activated by non-resonant bouncing

Paradigm III in HQA

may arise above Faraday threshold, or below in high Me, closed systems

above Faraday threshold,       is the standing Faraday wave field

below Faraday threshold,       is the mean pilot-wave field

Future directions

identify ponderomotive in other PWH systems; e.g. Talbot trapping

characterize dependence on ratio of noise to mean pilot-wave field

examine relation to Nelson’s Stochastic Mechanics

examine relation between ponderomotive and quantum potentials

A  PONDEROMOTIVE SELF-POTENTIAL



 Bohmian mechanics  Walkers 

λF

  STOCHASTIC
    FORCING

      WAVE 
POTENTIAL 
 

    WAVELENGTH

    GUIDANCE

Q = � ~2
m2

1
p
⇢
r2p⇢ ⌘̄(x) = ⌘B ⇤ µ(x)

      ARBITRARY,  ad hoc �r⌘⇤(x, t)

�B

      QUANTUM   POTENTIAL 
 

      MEAN WAVE FIELD
 

PERTURBATION WAVE FIELD
 

      WAVE ORIGIN 
      NONE     PARTICLE VIBRATION

m ẍp = −∇Q − ∇V + r�S m ẍp = �D ẋp + r⌘(x, t) �rV

+ r�S



HQA Corrals γF = 3.75g



Histograms

The distinction between just below and above the Faraday threshold is blurred:
  the particle-induced mean pilot-wave acts as an imposed potential …  like Q?  





Chaos in quantum billiards: scars evident



Scars in Faraday waves

•  can we see scars in walker pdfs ?



Scars in walker pdfs



Scars in walker pdfs





A generalized pilot-wave framework



A generalized pilot-wave framework

•   explore beyond the range of the hydrodynamic system

•   retain key features of walker system 

•   connect to and inform quantum pilot-wave theories

(memory, resonance, quasi-monochromatic wave field)



0(1� �)ẍp + ẋp =
2

(1� �)2

Z t

�1

J1(|xp(t)� xp(s)|)
|xp(t)� xp(s)|

(xp(t)� xp(s))e
�(t�s) ds

0 = (m/D)3/2kF
p
gA/2TF� =

� � �W
�F � �W

where                                             ,

Question: For what values of                    does the system look most like QM?(0,�)

When are hydrodynamic spin states stable?   

PROXIMITY TO THRESHOLD
  CONTAINS ALL FLUID PARAMETERS:
BOUNDED IN HYDRODYNAMIC SYSTEM

Eg.1

WAVE  FORCING INERTIA                  DRAG 

Pilot-wave dynamics:  a parametric generalization
                          

Eg.2 When is walking state unstable to in-line oscillations?   

0.8 < 0 < 1.6

<latexit sha1_base64="2DMhstjb9+In6FsNSdIQEpSwz1E=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4CokUrQLF0U3LivYC7QhnEwn7dBJMsxMhFqKr+LGhSJufQ93vo3TNgtt/WHg4z/ncM78oeBMadf9tgorq2vrG8XN0tb2zu6evX/QVGkmCW2QlKeyHYKinCW0oZnmtC0khTjktBUOb6b11gOViqXJvR4J6sfQT1jECGhjBfaR61TxFe4OQQgIXIOecxHYZddxZ8LL4OVQRrnqgf3V7aUki2miCQelOp4rtD8GqRnhdFLqZooKIEPo047BBGKq/PHs+gk+NU4PR6k0L9F45v6eGEOs1CgOTWcMeqAWa1Pzv1on01HVH7NEZJomZL4oyjjWKZ5GgXtMUqL5yAAQycytmAxAAtEmsJIJwVv88jI0zx2v4lTuKuXadR5HER2jE3SGPHSJaugW1VEDEfSIntErerOerBfr3fqYtxasfOYQ/ZH1+QNX9pKV</latexit>

in lab                                             ,0 < � < 1
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(Bush, ARFM, 2015)



0 = (m/D)3/2kF
p
gA/2TF� =

� � �W
�F � �W

When are hydrodynamic spin states stable?   (Oza, Rosales & Bush, 2018)

PROXIMITY TO 
  THRESHOLD

  CONTAINS ALL FLUID PARAMETERS

Generalized pilot-wave theory 
                          

n = 1
n = 0
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•  walking state may be unstable to in-line oscillations with wavelength λF

When is the walking state unstable to in-line oscillations?



Evidence of in-line oscillations 

                          

•  provides mechanism for emergent statistics in the Friedel oscillations and corrals

I.  FREE WALKER                  
II.  FRIEDEL OSCILLATIONS                 

III. CORRALS                 

Wind-Willassen et al. (2013)                  
See also  Bacot et al. (2019)                  



•  walking state may be unstable to in-line oscillations with wavelength λF

When is the walking state unstable to in-line oscillations?

•  aperiodic jittering gives rise to random walk with diffusivity

(Durey, Turton & Bush, 2020)
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`Jitter’

                          

Jitter

•  periodic and aperiodic `jittering’ states may also obtain

D ⇠ U�F
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An aside: a nonlinear oscillatory `limping’ state

•  in a certain regime, the particle may reverse direction, its motion be characterized     
  in terms of a random walk with characteristic speed  U  and step size 

•  the characteristic diffusivity is thus              D ~ U  λF

λF

•  in his Stochastic Dynamics, Nelson (1966) asserted that QM may be understood in    
 terms of a diffusive process with effective diffusivity   

NOTE:      DQ ⇠ ~
m ⇠ ~kB

mkB
⇠ U�B
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DQ ⇠ ~/m
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•  walking state may be unstable to in-line oscillations with wavelength λF

Generalized pilot-wave theory: the free particle in 2D

•  aperiodic `jittering’ gives rise to random walk with diffusivity

•  stable, wobbling and precessing spin states may obtain

D ⇠ U�F
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(Durey & Bush, 2020)

Accessible

  in lab

                          

In-line oscillations

Spin



 (Rahil Vilani, 2018)       

Bound states accessible in a generalized pilot-wave framework



Three limits of interest

WAVE  FORCING INERTIA                    DRAG 

Newtonian pilot-wave dynamics
                          

• resembles dynamics of Bohm & Vigier (1954)

III.   High memory, closed systems

• mean pilot-wave field            acts as nonlocal potential 

• perturbation from mean             plays role of stochastic forcing

m ẍp + D ẋp = A r⌘

r⌘̄

r⌘⇤

⌘ = ⌘̄ + ⌘⇤ , ⌘̄ � ⌘⇤

II.   Limping regime found in the GPWF

• resembles Stochastic Dynamics of Nelson (1966)

I.   Hydrodynamic regime



0(1� �)ẍp + ẋp =
2

(1� �)2

Z t

�1

J1(|xp(t)� xp(s)|)
|xp(t)� xp(s)|

(xp(t)� xp(s))e
�(t�s) ds

0 = (m/D)3/2kF
p
gA/2TF� =

� � �W
�F � �W

where                                             ,

Question: For what values of                    does the system look most like QM?(0,�)

PROXIMITY TO 
  THRESHOLD

  CONTAINS ALL FLUID PARAMETERS:
BOUNDED IN HYDRODYNAMIC SYSTEM

Further extensions

• in our system, the wavelength is prescribed by the forcing, constant

• extend to 3D by treating particle as a source of spherically symmetric waves 

• inspired by SED and Nelson (1958), we can also incorporate a stochastic forcing

WAVE  FORCING INERTIA                  DRAG 

Generalized pilot-wave theory 
                          

• consideration of alternative spatio-temporal damping, bouncing phase variations



New control parameter: 

Approach 

For what values of                           does the system look most like QM?

+ Fs(t)

STOCHASTIC
  FORCING 

WAVE  FORCING 

� =
STOCHASTIC FORCE

WAVE FORCE

• tuning       should allow us to pass continuously between two traditionally  �
disparate realist models of QM: pilot-wave theory and stochastic dynamics 

• expect certain systems to change quantitatively (e.g. orbital dynamics) 
while others may change qualitatively (e.g. diffraction) 

( � , 0 , � )

0(1� �)ẍp + ẋp =
2

(1� �)2

Z t

�1

J1(|xp(t)� xp(s)|)
|xp(t)� xp(s)|

(xp(t)� xp(s))e
�(t�s) ds

INERTIA             DRAG 

Stochastic pilot-wave dynamics 
                          

Might stochastic forcing induce ponderomotive effects that stabilize spin states?



Sáenz et al. (2017) demonstrated that pilot-wave dynamics are viable in relatively 
shallow water, where the lower boundary affects the dynamics.  

We here consider pilot-wave dynamics with a central well that induces a 
circularly-symmetric Faraday wave.

Well-induced trapping

We then explore the dynamics with the general pilot-wave framework.



LED LAMP

DIFFUSER

CAMERA

SHAKER

SEMI-REFLECTIVE
MIRROR

E X P E R I M E N T S

W E L L - I N D U C E D  WAV E F I E L DS E T U P

Central well excited above threshold. 
Waves decay in shallower region

Well located in the middle of bath

  

Well-induced trapping



E X P E R I M E N T S

T R A J E C T O R I E S

LED LAMP

DIFFUSER

CAMERA

SHAKER

SEMI-REFLECTIVE
MIRROR

W E L L - I N D U C E D  WAV E F I E L D

hw(x, t) = AwJ0 (|kFx|) sin(⇡ft)
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) F = �mgrhw
<latexit sha1_base64="bReeA9GQAo1Ebxc84LLeTlTWlHw=">AAACEHicbVBNS8NAEN3Ur1q/oh69LBahF0signoQioJ4rGJtoQllst22SzebsLuxlNC/4MW/4sWDileP3vw3btoetPXBwOO9GWbmBTFnSjvOt5VbWFxaXsmvFtbWNza37O2dexUlktAaiXgkGwEoypmgNc00p41YUggDTutB/zLz6w9UKhaJOz2MqR9CV7AOI6CN1LJL3i3r9jRIGQ2wF4LuEeDp1Qif48Owiz0BAQfcaw1adtEpO2PgeeJOSRFNUW3ZX147IklIhSYclGq6Tqz9FKRmhNNRwUsUjYH0oUubhgoIqfLT8UcjfGCUNu5E0pTQeKz+nkghVGoYBqYzu1nNepn4n9dMdOfUT5mIE00FmSzqJBzrCGfx4DaTlGg+NASIZOZWTHoggWgTYsGE4M6+PE9qR+WzsntzXKxcTNPIoz20j0rIRSeogq5RFdUQQY/oGb2iN+vJerHerY9Ja86azuyiP7A+fwC0lJx+</latexit><latexit sha1_base64="bReeA9GQAo1Ebxc84LLeTlTWlHw=">AAACEHicbVBNS8NAEN3Ur1q/oh69LBahF0signoQioJ4rGJtoQllst22SzebsLuxlNC/4MW/4sWDileP3vw3btoetPXBwOO9GWbmBTFnSjvOt5VbWFxaXsmvFtbWNza37O2dexUlktAaiXgkGwEoypmgNc00p41YUggDTutB/zLz6w9UKhaJOz2MqR9CV7AOI6CN1LJL3i3r9jRIGQ2wF4LuEeDp1Qif48Owiz0BAQfcaw1adtEpO2PgeeJOSRFNUW3ZX147IklIhSYclGq6Tqz9FKRmhNNRwUsUjYH0oUubhgoIqfLT8UcjfGCUNu5E0pTQeKz+nkghVGoYBqYzu1nNepn4n9dMdOfUT5mIE00FmSzqJBzrCGfx4DaTlGg+NASIZOZWTHoggWgTYsGE4M6+PE9qR+WzsntzXKxcTNPIoz20j0rIRSeogq5RFdUQQY/oGb2iN+vJerHerY9Ja86azuyiP7A+fwC0lJx+</latexit><latexit sha1_base64="bReeA9GQAo1Ebxc84LLeTlTWlHw=">AAACEHicbVBNS8NAEN3Ur1q/oh69LBahF0signoQioJ4rGJtoQllst22SzebsLuxlNC/4MW/4sWDileP3vw3btoetPXBwOO9GWbmBTFnSjvOt5VbWFxaXsmvFtbWNza37O2dexUlktAaiXgkGwEoypmgNc00p41YUggDTutB/zLz6w9UKhaJOz2MqR9CV7AOI6CN1LJL3i3r9jRIGQ2wF4LuEeDp1Qif48Owiz0BAQfcaw1adtEpO2PgeeJOSRFNUW3ZX147IklIhSYclGq6Tqz9FKRmhNNRwUsUjYH0oUubhgoIqfLT8UcjfGCUNu5E0pTQeKz+nkghVGoYBqYzu1nNepn4n9dMdOfUT5mIE00FmSzqJBzrCGfx4DaTlGg+NASIZOZWTHoggWgTYsGE4M6+PE9qR+WzsntzXKxcTNPIoz20j0rIRSeogq5RFdUQQY/oGb2iN+vJerHerY9Ja86azuyiP7A+fwC0lJx+</latexit><latexit sha1_base64="bReeA9GQAo1Ebxc84LLeTlTWlHw=">AAACEHicbVBNS8NAEN3Ur1q/oh69LBahF0signoQioJ4rGJtoQllst22SzebsLuxlNC/4MW/4sWDileP3vw3btoetPXBwOO9GWbmBTFnSjvOt5VbWFxaXsmvFtbWNza37O2dexUlktAaiXgkGwEoypmgNc00p41YUggDTutB/zLz6w9UKhaJOz2MqR9CV7AOI6CN1LJL3i3r9jRIGQ2wF4LuEeDp1Qif48Owiz0BAQfcaw1adtEpO2PgeeJOSRFNUW3ZX147IklIhSYclGq6Tqz9FKRmhNNRwUsUjYH0oUubhgoIqfLT8UcjfGCUNu5E0pTQeKz+nkghVGoYBqYzu1nNepn4n9dMdOfUT5mIE00FmSzqJBzrCGfx4DaTlGg+NASIZOZWTHoggWgTYsGE4M6+PE9qR+WzsntzXKxcTNPIoz20j0rIRSeogq5RFdUQQY/oGb2iN+vJerHerY9Ja86azuyiP7A+fwC0lJx+</latexit>

Well-induced trapping

Conjecture: adjacent orbits 
have drops with alternating 
bouncing phase.



Simulated trajectories

Circular solutions are 
quantized at troughs and 
crest of the standing 
wave field. All other radii 
are unstable.
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Simulated trajectories, overlaid on 
experimental photo



E X P E R I M E N T S
T R A J E C T O R I E S S I M U L AT I O N S

For fluid-like parameters, quantized circular orbits are stable.

ẍp + ẋp = �

Z t
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<latexit sha1_base64="9J0qQDAVhYLHjTTfORdgcBdcsgc="></latexit><latexit sha1_base64="9J0qQDAVhYLHjTTfORdgcBdcsgc="></latexit><latexit sha1_base64="9J0qQDAVhYLHjTTfORdgcBdcsgc="></latexit><latexit sha1_base64="9J0qQDAVhYLHjTTfORdgcBdcsgc="></latexit>

Well-induced trapping

Can we find more interesting dynamics in the GPWF?



T R A J E C T O R Y  E Q U AT I O N

ẍp + ẋp = �

Z t

�1

J1 (|xp(t)� xp(s)|)
|xp(t)� xp(s)|

(xp(t)� xp(s)) e
�(t�s) ds+ F̃

<latexit sha1_base64="OTG6YwOzz/5ZoXJkA44Pv23eiW4="></latexit><latexit sha1_base64="OTG6YwOzz/5ZoXJkA44Pv23eiW4="></latexit><latexit sha1_base64="OTG6YwOzz/5ZoXJkA44Pv23eiW4="></latexit><latexit sha1_base64="OTG6YwOzz/5ZoXJkA44Pv23eiW4="></latexit>

F̃ = F̃O + F̃H

Oscillatory: F̃O(xp) = QJ1(|x|)r̂
Harmonic: F̃H(xp) = �kx

<latexit sha1_base64="9RV8b9h2L2UB4X8ugmg+4MhLDvs="></latexit><latexit sha1_base64="9RV8b9h2L2UB4X8ugmg+4MhLDvs="></latexit><latexit sha1_base64="9RV8b9h2L2UB4X8ugmg+4MhLDvs="></latexit><latexit sha1_base64="9RV8b9h2L2UB4X8ugmg+4MhLDvs="></latexit>

,�
<latexit sha1_base64="5eDO2r1BBYXEDs8LyT9Toipe1Bs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REBPVW9OKxgrGFJpTJdtMu3WzW3U2hhP4OLx5UvPpnvPlv3LY5aOuDgcd7M8zMiyRn2rjut1NaWV1b3yhvVra2d3b3qvsHjzrNFKE+SXmq2hFoypmgvmGG07ZUFJKI01Y0vJ36rRFVmqXiwYwlDRPoCxYzAsZKYTAEKeEMBxE10K3W3Lo7A14mXkFqqECzW/0KeinJEioM4aB1x3OlCXNQhhFOJ5Ug01QCGUKfdiwVkFAd5rOjJ/jEKj0cp8qWMHim/p7IIdF6nES2MwEz0IveVPzP62QmvgpzJmRmqCDzRXHGsUnxNAHcY4oSw8eWAFHM3orJABQQY3Oq2BC8xZeXiX9ev6579xe1xk2RRhkdoWN0ijx0iRroDjWRjwh6Qs/oFb05I+fFeXc+5q0lp5g5RH/gfP4AiKSRfQ==</latexit><latexit sha1_base64="5eDO2r1BBYXEDs8LyT9Toipe1Bs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REBPVW9OKxgrGFJpTJdtMu3WzW3U2hhP4OLx5UvPpnvPlv3LY5aOuDgcd7M8zMiyRn2rjut1NaWV1b3yhvVra2d3b3qvsHjzrNFKE+SXmq2hFoypmgvmGG07ZUFJKI01Y0vJ36rRFVmqXiwYwlDRPoCxYzAsZKYTAEKeEMBxE10K3W3Lo7A14mXkFqqECzW/0KeinJEioM4aB1x3OlCXNQhhFOJ5Ug01QCGUKfdiwVkFAd5rOjJ/jEKj0cp8qWMHim/p7IIdF6nES2MwEz0IveVPzP62QmvgpzJmRmqCDzRXHGsUnxNAHcY4oSw8eWAFHM3orJABQQY3Oq2BC8xZeXiX9ev6579xe1xk2RRhkdoWN0ijx0iRroDjWRjwh6Qs/oFb05I+fFeXc+5q0lp5g5RH/gfP4AiKSRfQ==</latexit><latexit sha1_base64="5eDO2r1BBYXEDs8LyT9Toipe1Bs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REBPVW9OKxgrGFJpTJdtMu3WzW3U2hhP4OLx5UvPpnvPlv3LY5aOuDgcd7M8zMiyRn2rjut1NaWV1b3yhvVra2d3b3qvsHjzrNFKE+SXmq2hFoypmgvmGG07ZUFJKI01Y0vJ36rRFVmqXiwYwlDRPoCxYzAsZKYTAEKeEMBxE10K3W3Lo7A14mXkFqqECzW/0KeinJEioM4aB1x3OlCXNQhhFOJ5Ug01QCGUKfdiwVkFAd5rOjJ/jEKj0cp8qWMHim/p7IIdF6nES2MwEz0IveVPzP62QmvgpzJmRmqCDzRXHGsUnxNAHcY4oSw8eWAFHM3orJABQQY3Oq2BC8xZeXiX9ev6579xe1xk2RRhkdoWN0ijx0iRroDjWRjwh6Qs/oFb05I+fFeXc+5q0lp5g5RH/gfP4AiKSRfQ==</latexit><latexit sha1_base64="5eDO2r1BBYXEDs8LyT9Toipe1Bs=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBg5REBPVW9OKxgrGFJpTJdtMu3WzW3U2hhP4OLx5UvPpnvPlv3LY5aOuDgcd7M8zMiyRn2rjut1NaWV1b3yhvVra2d3b3qvsHjzrNFKE+SXmq2hFoypmgvmGG07ZUFJKI01Y0vJ36rRFVmqXiwYwlDRPoCxYzAsZKYTAEKeEMBxE10K3W3Lo7A14mXkFqqECzW/0KeinJEioM4aB1x3OlCXNQhhFOJ5Ug01QCGUKfdiwVkFAd5rOjJ/jEKj0cp8qWMHim/p7IIdF6nES2MwEz0IveVPzP62QmvgpzJmRmqCDzRXHGsUnxNAHcY4oSw8eWAFHM3orJABQQY3Oq2BC8xZeXiX9ev6579xe1xk2RRhkdoWN0ijx0iRroDjWRjwh6Qs/oFb05I+fFeXc+5q0lp5g5RH/gfP4AiKSRfQ==</latexit>

Parameters            may be tuned independently in this framework.

We also consider different applied forces to constrain dynamics.

Generalized pilot-wave framework



𝜅 = 0.14, 𝛽 = 252.8 

ẍp + ẋp = �

Z t
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(xp(t)� xp(s)) e
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<latexit sha1_base64="OTG6YwOzz/5ZoXJkA44Pv23eiW4="></latexit><latexit sha1_base64="OTG6YwOzz/5ZoXJkA44Pv23eiW4="></latexit><latexit sha1_base64="OTG6YwOzz/5ZoXJkA44Pv23eiW4="></latexit><latexit sha1_base64="OTG6YwOzz/5ZoXJkA44Pv23eiW4="></latexit>

r0/�F = 1
<latexit sha1_base64="SND1P4uioxqw+lBHeH1/VFGRj8Y=">AAAB+XicbVBNS8NAFHypX7V+pXr0slgETzURQT0IRUE8VjC20Iaw2WzbpZtN2N0oJfanePGg4tV/4s1/47bNQasDC8PMG97bCVPOlHacL6u0sLi0vFJeraytb2xu2dXtO5VkklCPJDyR7RArypmgnmaa03YqKY5DTlvh8HLit+6pVCwRt3qUUj/GfcF6jGBtpMCuysA57HITiHBwhc6RG9g1p+5Mgf4StyA1KNAM7M9ulJAspkITjpXquE6q/RxLzQin40o3UzTFZIj7tGOowDFVfj49fYz2jRKhXiLNExpN1Z+JHMdKjeLQTMZYD9S8NxH/8zqZ7p36ORNppqkgs0W9jCOdoEkPKGKSEs1HhmAimbkVkQGWmGjTVsWU4M5/+S/xjupndffmuNa4KNoowy7swQG4cAINuIYmeEDgAZ7gBV6tR+vZerPeZ6Mlq8jswC9YH9+Ex5Jp</latexit><latexit sha1_base64="SND1P4uioxqw+lBHeH1/VFGRj8Y=">AAAB+XicbVBNS8NAFHypX7V+pXr0slgETzURQT0IRUE8VjC20Iaw2WzbpZtN2N0oJfanePGg4tV/4s1/47bNQasDC8PMG97bCVPOlHacL6u0sLi0vFJeraytb2xu2dXtO5VkklCPJDyR7RArypmgnmaa03YqKY5DTlvh8HLit+6pVCwRt3qUUj/GfcF6jGBtpMCuysA57HITiHBwhc6RG9g1p+5Mgf4StyA1KNAM7M9ulJAspkITjpXquE6q/RxLzQin40o3UzTFZIj7tGOowDFVfj49fYz2jRKhXiLNExpN1Z+JHMdKjeLQTMZYD9S8NxH/8zqZ7p36ORNppqkgs0W9jCOdoEkPKGKSEs1HhmAimbkVkQGWmGjTVsWU4M5/+S/xjupndffmuNa4KNoowy7swQG4cAINuIYmeEDgAZ7gBV6tR+vZerPeZ6Mlq8jswC9YH9+Ex5Jp</latexit><latexit sha1_base64="SND1P4uioxqw+lBHeH1/VFGRj8Y=">AAAB+XicbVBNS8NAFHypX7V+pXr0slgETzURQT0IRUE8VjC20Iaw2WzbpZtN2N0oJfanePGg4tV/4s1/47bNQasDC8PMG97bCVPOlHacL6u0sLi0vFJeraytb2xu2dXtO5VkklCPJDyR7RArypmgnmaa03YqKY5DTlvh8HLit+6pVCwRt3qUUj/GfcF6jGBtpMCuysA57HITiHBwhc6RG9g1p+5Mgf4StyA1KNAM7M9ulJAspkITjpXquE6q/RxLzQin40o3UzTFZIj7tGOowDFVfj49fYz2jRKhXiLNExpN1Z+JHMdKjeLQTMZYD9S8NxH/8zqZ7p36ORNppqkgs0W9jCOdoEkPKGKSEs1HhmAimbkVkQGWmGjTVsWU4M5/+S/xjupndffmuNa4KNoowy7swQG4cAINuIYmeEDgAZ7gBV6tR+vZerPeZ6Mlq8jswC9YH9+Ex5Jp</latexit><latexit sha1_base64="SND1P4uioxqw+lBHeH1/VFGRj8Y=">AAAB+XicbVBNS8NAFHypX7V+pXr0slgETzURQT0IRUE8VjC20Iaw2WzbpZtN2N0oJfanePGg4tV/4s1/47bNQasDC8PMG97bCVPOlHacL6u0sLi0vFJeraytb2xu2dXtO5VkklCPJDyR7RArypmgnmaa03YqKY5DTlvh8HLit+6pVCwRt3qUUj/GfcF6jGBtpMCuysA57HITiHBwhc6RG9g1p+5Mgf4StyA1KNAM7M9ulJAspkITjpXquE6q/RxLzQin40o3UzTFZIj7tGOowDFVfj49fYz2jRKhXiLNExpN1Z+JHMdKjeLQTMZYD9S8NxH/8zqZ7p36ORNppqkgs0W9jCOdoEkPKGKSEs1HhmAimbkVkQGWmGjTVsWU4M5/+S/xjupndffmuNa4KNoowy7swQG4cAINuIYmeEDgAZ7gBV6tR+vZerPeZ6Mlq8jswC9YH9+Ex5Jp</latexit>

r0/�F = 3
<latexit sha1_base64="3PUVaf0cLcbgTqojMf3vDnrCYzY=">AAAB+XicbVDLSsNAFL2pr1pfqS7dDBbBVU1UUBdCURCXFYwttCFMJpN26OTBzEQpsZ/ixoWKW//EnX/jtM1CWw8MHM65h3vn+ClnUlnWt1FaWFxaXimvVtbWNza3zOr2vUwyQahDEp6Ito8l5SymjmKK03YqKI58Tlv+4Grstx6okCyJ79QwpW6EezELGcFKS55ZFZ512OU6EGDvGl2gY8+sWXVrAjRP7ILUoEDTM7+6QUKyiMaKcCxlx7ZS5eZYKEY4HVW6maQpJgPcox1NYxxR6eaT00doXysBChOhX6zQRP2dyHEk5TDy9WSEVV/OemPxP6+TqfDMzVmcZorGZLoozDhSCRr3gAImKFF8qAkmgulbEeljgYnSbVV0Cfbsl+eJc1Q/r9u3J7XGZdFGGXZhDw7AhlNowA00wQECj/AMr/BmPBkvxrvxMR0tGUVmB/7A+PwBh82Saw==</latexit><latexit sha1_base64="3PUVaf0cLcbgTqojMf3vDnrCYzY=">AAAB+XicbVDLSsNAFL2pr1pfqS7dDBbBVU1UUBdCURCXFYwttCFMJpN26OTBzEQpsZ/ixoWKW//EnX/jtM1CWw8MHM65h3vn+ClnUlnWt1FaWFxaXimvVtbWNza3zOr2vUwyQahDEp6Ito8l5SymjmKK03YqKI58Tlv+4Grstx6okCyJ79QwpW6EezELGcFKS55ZFZ512OU6EGDvGl2gY8+sWXVrAjRP7ILUoEDTM7+6QUKyiMaKcCxlx7ZS5eZYKEY4HVW6maQpJgPcox1NYxxR6eaT00doXysBChOhX6zQRP2dyHEk5TDy9WSEVV/OemPxP6+TqfDMzVmcZorGZLoozDhSCRr3gAImKFF8qAkmgulbEeljgYnSbVV0Cfbsl+eJc1Q/r9u3J7XGZdFGGXZhDw7AhlNowA00wQECj/AMr/BmPBkvxrvxMR0tGUVmB/7A+PwBh82Saw==</latexit><latexit sha1_base64="3PUVaf0cLcbgTqojMf3vDnrCYzY=">AAAB+XicbVDLSsNAFL2pr1pfqS7dDBbBVU1UUBdCURCXFYwttCFMJpN26OTBzEQpsZ/ixoWKW//EnX/jtM1CWw8MHM65h3vn+ClnUlnWt1FaWFxaXimvVtbWNza3zOr2vUwyQahDEp6Ito8l5SymjmKK03YqKI58Tlv+4Grstx6okCyJ79QwpW6EezELGcFKS55ZFZ512OU6EGDvGl2gY8+sWXVrAjRP7ILUoEDTM7+6QUKyiMaKcCxlx7ZS5eZYKEY4HVW6maQpJgPcox1NYxxR6eaT00doXysBChOhX6zQRP2dyHEk5TDy9WSEVV/OemPxP6+TqfDMzVmcZorGZLoozDhSCRr3gAImKFF8qAkmgulbEeljgYnSbVV0Cfbsl+eJc1Q/r9u3J7XGZdFGGXZhDw7AhlNowA00wQECj/AMr/BmPBkvxrvxMR0tGUVmB/7A+PwBh82Saw==</latexit><latexit sha1_base64="3PUVaf0cLcbgTqojMf3vDnrCYzY=">AAAB+XicbVDLSsNAFL2pr1pfqS7dDBbBVU1UUBdCURCXFYwttCFMJpN26OTBzEQpsZ/ixoWKW//EnX/jtM1CWw8MHM65h3vn+ClnUlnWt1FaWFxaXimvVtbWNza3zOr2vUwyQahDEp6Ito8l5SymjmKK03YqKI58Tlv+4Grstx6okCyJ79QwpW6EezELGcFKS55ZFZ512OU6EGDvGl2gY8+sWXVrAjRP7ILUoEDTM7+6QUKyiMaKcCxlx7ZS5eZYKEY4HVW6maQpJgPcox1NYxxR6eaT00doXysBChOhX6zQRP2dyHEk5TDy9WSEVV/OemPxP6+TqfDMzVmcZorGZLoozDhSCRr3gAImKFF8qAkmgulbEeljgYnSbVV0Cfbsl+eJc1Q/r9u3J7XGZdFGGXZhDw7AhlNowA00wQECj/AMr/BmPBkvxrvxMR0tGUVmB/7A+PwBh82Saw==</latexit>

Transient switching to stable orbit



Transient

Stable orbit

Transient switching, then trapping



̃ = 0.042,� = 152.8
<latexit sha1_base64="QMoNWcmhgA7ZWTYWeKzcNg5q5JE=">AAACDXicbVA9SwNBEN3zM8avqKXNYhAsJNwFRS2EoI1lBGMCuRDmNpO4ZO+D3TkhHPkFNv4VGwsVW3s7/42bj0KjDwbevjfDzrwgUdKQ6345c/MLi0vLuZX86tr6xmZha/vWxKkWWBOxinUjAINKRlgjSQobiUYIA4X1oH858uv3qI2MoxsaJNgKoRfJrhRAVmoX9n2SqoOZ34ckgSE/527JPSofcj9AAvv0jsul03ahaOUx+F/iTUmRTVFtFz79TizSECMSCoxpem5CrQw0SaFwmPdTgwmIPvSwaWkEIZpWNj5nyPet0uHdWNuKiI/VnxMZhMYMwsB2hkB3ZtYbif95zZS6p61MRklKGInJR91UcYr5KBvekRoFqYElILS0u3JxBxoE2QTzNgRv9uS/pFYunZW866Ni5WKaRo7tsj12wDx2wirsilVZjQn2wJ7YC3t1Hp1n5815n7TOOdOZHfYLzsc30M2Y8A==</latexit><latexit sha1_base64="QMoNWcmhgA7ZWTYWeKzcNg5q5JE=">AAACDXicbVA9SwNBEN3zM8avqKXNYhAsJNwFRS2EoI1lBGMCuRDmNpO4ZO+D3TkhHPkFNv4VGwsVW3s7/42bj0KjDwbevjfDzrwgUdKQ6345c/MLi0vLuZX86tr6xmZha/vWxKkWWBOxinUjAINKRlgjSQobiUYIA4X1oH858uv3qI2MoxsaJNgKoRfJrhRAVmoX9n2SqoOZ34ckgSE/527JPSofcj9AAvv0jsul03ahaOUx+F/iTUmRTVFtFz79TizSECMSCoxpem5CrQw0SaFwmPdTgwmIPvSwaWkEIZpWNj5nyPet0uHdWNuKiI/VnxMZhMYMwsB2hkB3ZtYbif95zZS6p61MRklKGInJR91UcYr5KBvekRoFqYElILS0u3JxBxoE2QTzNgRv9uS/pFYunZW866Ni5WKaRo7tsj12wDx2wirsilVZjQn2wJ7YC3t1Hp1n5815n7TOOdOZHfYLzsc30M2Y8A==</latexit><latexit sha1_base64="QMoNWcmhgA7ZWTYWeKzcNg5q5JE=">AAACDXicbVA9SwNBEN3zM8avqKXNYhAsJNwFRS2EoI1lBGMCuRDmNpO4ZO+D3TkhHPkFNv4VGwsVW3s7/42bj0KjDwbevjfDzrwgUdKQ6345c/MLi0vLuZX86tr6xmZha/vWxKkWWBOxinUjAINKRlgjSQobiUYIA4X1oH858uv3qI2MoxsaJNgKoRfJrhRAVmoX9n2SqoOZ34ckgSE/527JPSofcj9AAvv0jsul03ahaOUx+F/iTUmRTVFtFz79TizSECMSCoxpem5CrQw0SaFwmPdTgwmIPvSwaWkEIZpWNj5nyPet0uHdWNuKiI/VnxMZhMYMwsB2hkB3ZtYbif95zZS6p61MRklKGInJR91UcYr5KBvekRoFqYElILS0u3JxBxoE2QTzNgRv9uS/pFYunZW866Ni5WKaRo7tsj12wDx2wirsilVZjQn2wJ7YC3t1Hp1n5815n7TOOdOZHfYLzsc30M2Y8A==</latexit><latexit sha1_base64="QMoNWcmhgA7ZWTYWeKzcNg5q5JE=">AAACDXicbVA9SwNBEN3zM8avqKXNYhAsJNwFRS2EoI1lBGMCuRDmNpO4ZO+D3TkhHPkFNv4VGwsVW3s7/42bj0KjDwbevjfDzrwgUdKQ6345c/MLi0vLuZX86tr6xmZha/vWxKkWWBOxinUjAINKRlgjSQobiUYIA4X1oH858uv3qI2MoxsaJNgKoRfJrhRAVmoX9n2SqoOZ34ckgSE/527JPSofcj9AAvv0jsul03ahaOUx+F/iTUmRTVFtFz79TizSECMSCoxpem5CrQw0SaFwmPdTgwmIPvSwaWkEIZpWNj5nyPet0uHdWNuKiI/VnxMZhMYMwsB2hkB3ZtYbif95zZS6p61MRklKGInJR91UcYr5KBvekRoFqYElILS0u3JxBxoE2QTzNgRv9uS/pFYunZW866Ni5WKaRo7tsj12wDx2wirsilVZjQn2wJ7YC3t1Hp1n5815n7TOOdOZHfYLzsc30M2Y8A==</latexit>

x/�F
<latexit sha1_base64="40geGoFfB9frDQuVKQ/D9uirYt8=">AAAB8XicbVBNSwMxFMzWr1q/qh69BIvgqe6KoN6Kgnis4NrCdinZbLYNzSZL8lYspT/DiwcVr/4bb/4b03YP2joQGGbmkfcmygQ34LrfTmlpeWV1rbxe2djc2t6p7u49GJVrynyqhNLtiBgmuGQ+cBCsnWlG0kiwVjS4nvitR6YNV/IehhkLU9KTPOGUgJWCp5OOsOGYdG+61Zpbd6fAi8QrSA0VaHarX51Y0TxlEqggxgSem0E4Iho4FWxc6eSGZYQOSI8FlkqSMhOOpiuP8ZFVYpwobZ8EPFV/T4xIaswwjWwyJdA3895E/M8LckguwhGXWQ5M0tlHSS4wKDy5H8dcMwpiaAmhmttdMe0TTSjYliq2BG/+5EXin9Yv697dWa1xVbRRRgfoEB0jD52jBrpFTeQjihR6Rq/ozQHnxXl3PmbRklPM7KM/cD5/AD7akMU=</latexit><latexit sha1_base64="40geGoFfB9frDQuVKQ/D9uirYt8=">AAAB8XicbVBNSwMxFMzWr1q/qh69BIvgqe6KoN6Kgnis4NrCdinZbLYNzSZL8lYspT/DiwcVr/4bb/4b03YP2joQGGbmkfcmygQ34LrfTmlpeWV1rbxe2djc2t6p7u49GJVrynyqhNLtiBgmuGQ+cBCsnWlG0kiwVjS4nvitR6YNV/IehhkLU9KTPOGUgJWCp5OOsOGYdG+61Zpbd6fAi8QrSA0VaHarX51Y0TxlEqggxgSem0E4Iho4FWxc6eSGZYQOSI8FlkqSMhOOpiuP8ZFVYpwobZ8EPFV/T4xIaswwjWwyJdA3895E/M8LckguwhGXWQ5M0tlHSS4wKDy5H8dcMwpiaAmhmttdMe0TTSjYliq2BG/+5EXin9Yv697dWa1xVbRRRgfoEB0jD52jBrpFTeQjihR6Rq/ozQHnxXl3PmbRklPM7KM/cD5/AD7akMU=</latexit><latexit sha1_base64="40geGoFfB9frDQuVKQ/D9uirYt8=">AAAB8XicbVBNSwMxFMzWr1q/qh69BIvgqe6KoN6Kgnis4NrCdinZbLYNzSZL8lYspT/DiwcVr/4bb/4b03YP2joQGGbmkfcmygQ34LrfTmlpeWV1rbxe2djc2t6p7u49GJVrynyqhNLtiBgmuGQ+cBCsnWlG0kiwVjS4nvitR6YNV/IehhkLU9KTPOGUgJWCp5OOsOGYdG+61Zpbd6fAi8QrSA0VaHarX51Y0TxlEqggxgSem0E4Iho4FWxc6eSGZYQOSI8FlkqSMhOOpiuP8ZFVYpwobZ8EPFV/T4xIaswwjWwyJdA3895E/M8LckguwhGXWQ5M0tlHSS4wKDy5H8dcMwpiaAmhmttdMe0TTSjYliq2BG/+5EXin9Yv697dWa1xVbRRRgfoEB0jD52jBrpFTeQjihR6Rq/ozQHnxXl3PmbRklPM7KM/cD5/AD7akMU=</latexit><latexit sha1_base64="40geGoFfB9frDQuVKQ/D9uirYt8=">AAAB8XicbVBNSwMxFMzWr1q/qh69BIvgqe6KoN6Kgnis4NrCdinZbLYNzSZL8lYspT/DiwcVr/4bb/4b03YP2joQGGbmkfcmygQ34LrfTmlpeWV1rbxe2djc2t6p7u49GJVrynyqhNLtiBgmuGQ+cBCsnWlG0kiwVjS4nvitR6YNV/IehhkLU9KTPOGUgJWCp5OOsOGYdG+61Zpbd6fAi8QrSA0VaHarX51Y0TxlEqggxgSem0E4Iho4FWxc6eSGZYQOSI8FlkqSMhOOpiuP8ZFVYpwobZ8EPFV/T4xIaswwjWwyJdA3895E/M8LckguwhGXWQ5M0tlHSS4wKDy5H8dcMwpiaAmhmttdMe0TTSjYliq2BG/+5EXin9Yv697dWa1xVbRRRgfoEB0jD52jBrpFTeQjihR6Rq/ozQHnxXl3PmbRklPM7KM/cD5/AD7akMU=</latexit>

y/
�
F

<latexit sha1_base64="0M4As23NCtE7yiMh2w6KlcFEilo=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7orgnorCuKxgmsL26Vks9k2NJssSVYoS3+GFw8qXv033vw3pu0etDoQGGbmkfcmyjjTxnW/nMrS8srqWnW9trG5tb1T39170DJXhPpEcqm6EdaUM0F9wwyn3UxRnEacdqLR9dTvPFKlmRT3ZpzRMMUDwRJGsLFSMD7pcRuOcf+mX2+4TXcG9Jd4JWlAiXa//tmLJclTKgzhWOvAczMTFlgZRjid1Hq5phkmIzyggaUCp1SHxWzlCTqySowSqewTBs3UnxMFTrUep5FNptgM9aI3Ff/zgtwkF2HBRJYbKsj8oyTnyEg0vR/FTFFi+NgSTBSzuyIyxAoTY1uq2RK8xZP/Ev+0edn07s4arauyjSocwCEcgwfn0IJbaIMPBCQ8wQu8OsZ5dt6c93m04pQz+/ALzsc3QGeQxg==</latexit><latexit sha1_base64="0M4As23NCtE7yiMh2w6KlcFEilo=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7orgnorCuKxgmsL26Vks9k2NJssSVYoS3+GFw8qXv033vw3pu0etDoQGGbmkfcmyjjTxnW/nMrS8srqWnW9trG5tb1T39170DJXhPpEcqm6EdaUM0F9wwyn3UxRnEacdqLR9dTvPFKlmRT3ZpzRMMUDwRJGsLFSMD7pcRuOcf+mX2+4TXcG9Jd4JWlAiXa//tmLJclTKgzhWOvAczMTFlgZRjid1Hq5phkmIzyggaUCp1SHxWzlCTqySowSqewTBs3UnxMFTrUep5FNptgM9aI3Ff/zgtwkF2HBRJYbKsj8oyTnyEg0vR/FTFFi+NgSTBSzuyIyxAoTY1uq2RK8xZP/Ev+0edn07s4arauyjSocwCEcgwfn0IJbaIMPBCQ8wQu8OsZ5dt6c93m04pQz+/ALzsc3QGeQxg==</latexit><latexit sha1_base64="0M4As23NCtE7yiMh2w6KlcFEilo=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7orgnorCuKxgmsL26Vks9k2NJssSVYoS3+GFw8qXv033vw3pu0etDoQGGbmkfcmyjjTxnW/nMrS8srqWnW9trG5tb1T39170DJXhPpEcqm6EdaUM0F9wwyn3UxRnEacdqLR9dTvPFKlmRT3ZpzRMMUDwRJGsLFSMD7pcRuOcf+mX2+4TXcG9Jd4JWlAiXa//tmLJclTKgzhWOvAczMTFlgZRjid1Hq5phkmIzyggaUCp1SHxWzlCTqySowSqewTBs3UnxMFTrUep5FNptgM9aI3Ff/zgtwkF2HBRJYbKsj8oyTnyEg0vR/FTFFi+NgSTBSzuyIyxAoTY1uq2RK8xZP/Ev+0edn07s4arauyjSocwCEcgwfn0IJbaIMPBCQ8wQu8OsZ5dt6c93m04pQz+/ALzsc3QGeQxg==</latexit><latexit sha1_base64="0M4As23NCtE7yiMh2w6KlcFEilo=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7orgnorCuKxgmsL26Vks9k2NJssSVYoS3+GFw8qXv033vw3pu0etDoQGGbmkfcmyjjTxnW/nMrS8srqWnW9trG5tb1T39170DJXhPpEcqm6EdaUM0F9wwyn3UxRnEacdqLR9dTvPFKlmRT3ZpzRMMUDwRJGsLFSMD7pcRuOcf+mX2+4TXcG9Jd4JWlAiXa//tmLJclTKgzhWOvAczMTFlgZRjid1Hq5phkmIzyggaUCp1SHxWzlCTqySowSqewTBs3UnxMFTrUep5FNptgM9aI3Ff/zgtwkF2HBRJYbKsj8oyTnyEg0vR/FTFFi+NgSTBSzuyIyxAoTY1uq2RK8xZP/Ev+0edn07s4arauyjSocwCEcgwfn0IJbaIMPBCQ8wQu8OsZ5dt6c93m04pQz+/ALzsc3QGeQxg==</latexit>

Transient switching between unstable orbits



̃ = 0.042,� = 152.8
<latexit sha1_base64="QMoNWcmhgA7ZWTYWeKzcNg5q5JE=">AAACDXicbVA9SwNBEN3zM8avqKXNYhAsJNwFRS2EoI1lBGMCuRDmNpO4ZO+D3TkhHPkFNv4VGwsVW3s7/42bj0KjDwbevjfDzrwgUdKQ6345c/MLi0vLuZX86tr6xmZha/vWxKkWWBOxinUjAINKRlgjSQobiUYIA4X1oH858uv3qI2MoxsaJNgKoRfJrhRAVmoX9n2SqoOZ34ckgSE/527JPSofcj9AAvv0jsul03ahaOUx+F/iTUmRTVFtFz79TizSECMSCoxpem5CrQw0SaFwmPdTgwmIPvSwaWkEIZpWNj5nyPet0uHdWNuKiI/VnxMZhMYMwsB2hkB3ZtYbif95zZS6p61MRklKGInJR91UcYr5KBvekRoFqYElILS0u3JxBxoE2QTzNgRv9uS/pFYunZW866Ni5WKaRo7tsj12wDx2wirsilVZjQn2wJ7YC3t1Hp1n5815n7TOOdOZHfYLzsc30M2Y8A==</latexit><latexit sha1_base64="QMoNWcmhgA7ZWTYWeKzcNg5q5JE=">AAACDXicbVA9SwNBEN3zM8avqKXNYhAsJNwFRS2EoI1lBGMCuRDmNpO4ZO+D3TkhHPkFNv4VGwsVW3s7/42bj0KjDwbevjfDzrwgUdKQ6345c/MLi0vLuZX86tr6xmZha/vWxKkWWBOxinUjAINKRlgjSQobiUYIA4X1oH858uv3qI2MoxsaJNgKoRfJrhRAVmoX9n2SqoOZ34ckgSE/527JPSofcj9AAvv0jsul03ahaOUx+F/iTUmRTVFtFz79TizSECMSCoxpem5CrQw0SaFwmPdTgwmIPvSwaWkEIZpWNj5nyPet0uHdWNuKiI/VnxMZhMYMwsB2hkB3ZtYbif95zZS6p61MRklKGInJR91UcYr5KBvekRoFqYElILS0u3JxBxoE2QTzNgRv9uS/pFYunZW866Ni5WKaRo7tsj12wDx2wirsilVZjQn2wJ7YC3t1Hp1n5815n7TOOdOZHfYLzsc30M2Y8A==</latexit><latexit sha1_base64="QMoNWcmhgA7ZWTYWeKzcNg5q5JE=">AAACDXicbVA9SwNBEN3zM8avqKXNYhAsJNwFRS2EoI1lBGMCuRDmNpO4ZO+D3TkhHPkFNv4VGwsVW3s7/42bj0KjDwbevjfDzrwgUdKQ6345c/MLi0vLuZX86tr6xmZha/vWxKkWWBOxinUjAINKRlgjSQobiUYIA4X1oH858uv3qI2MoxsaJNgKoRfJrhRAVmoX9n2SqoOZ34ckgSE/527JPSofcj9AAvv0jsul03ahaOUx+F/iTUmRTVFtFz79TizSECMSCoxpem5CrQw0SaFwmPdTgwmIPvSwaWkEIZpWNj5nyPet0uHdWNuKiI/VnxMZhMYMwsB2hkB3ZtYbif95zZS6p61MRklKGInJR91UcYr5KBvekRoFqYElILS0u3JxBxoE2QTzNgRv9uS/pFYunZW866Ni5WKaRo7tsj12wDx2wirsilVZjQn2wJ7YC3t1Hp1n5815n7TOOdOZHfYLzsc30M2Y8A==</latexit><latexit sha1_base64="QMoNWcmhgA7ZWTYWeKzcNg5q5JE=">AAACDXicbVA9SwNBEN3zM8avqKXNYhAsJNwFRS2EoI1lBGMCuRDmNpO4ZO+D3TkhHPkFNv4VGwsVW3s7/42bj0KjDwbevjfDzrwgUdKQ6345c/MLi0vLuZX86tr6xmZha/vWxKkWWBOxinUjAINKRlgjSQobiUYIA4X1oH858uv3qI2MoxsaJNgKoRfJrhRAVmoX9n2SqoOZ34ckgSE/527JPSofcj9AAvv0jsul03ahaOUx+F/iTUmRTVFtFz79TizSECMSCoxpem5CrQw0SaFwmPdTgwmIPvSwaWkEIZpWNj5nyPet0uHdWNuKiI/VnxMZhMYMwsB2hkB3ZtYbif95zZS6p61MRklKGInJR91UcYr5KBvekRoFqYElILS0u3JxBxoE2QTzNgRv9uS/pFYunZW866Ni5WKaRo7tsj12wDx2wirsilVZjQn2wJ7YC3t1Hp1n5815n7TOOdOZHfYLzsc30M2Y8A==</latexit>

Achieves chaotic, statistically steady state



Statistical relaxation time:
<latexit sha1_base64="0dpSt12SQyymLiTOuLYHOvUiwW0=">AAACBXicbZA9TwJBEIb3/ET8Qi2NyUZiYkXuaPyoiDaWGEVI4EL2ljnYsHt32Z0zEkJl41+xsVBj63+w89+4HBQKTrLJk/edyey8QSKFQdf9dhYWl5ZXVnNr+fWNza3tws7unYlTzaHGYxnrRsAMSBFBDQVKaCQamAok1IP+5div34M2Io5ucZCAr1g3EqHgDK3ULhzcoCWDVpBUg2QPmUFRKDin7ULRLblZ0XnwplAk06q2C1+tTsxTBRFyyYxpem6C/pBpu0DCKN9KDSSM91kXmhYjpsD4w+yMET2ySoeGsbYvQpqpvyeGTBkzUIHtVAx7ZtYbi/95zRTDU38ooiRFiPhkUZhKijEdZ0I7QgNHObDAuBb2r5T3mGYcbXJ5G4I3e/I81Mqls5J3XS5WLqZp5Mg+OSTHxCMnpEKuSJXUCCeP5Jm8kjfnyXlx3p2PSeuCM53ZI3/K+fwBbqmYpA==</latexit><latexit sha1_base64="0dpSt12SQyymLiTOuLYHOvUiwW0=">AAACBXicbZA9TwJBEIb3/ET8Qi2NyUZiYkXuaPyoiDaWGEVI4EL2ljnYsHt32Z0zEkJl41+xsVBj63+w89+4HBQKTrLJk/edyey8QSKFQdf9dhYWl5ZXVnNr+fWNza3tws7unYlTzaHGYxnrRsAMSBFBDQVKaCQamAok1IP+5div34M2Io5ucZCAr1g3EqHgDK3ULhzcoCWDVpBUg2QPmUFRKDin7ULRLblZ0XnwplAk06q2C1+tTsxTBRFyyYxpem6C/pBpu0DCKN9KDSSM91kXmhYjpsD4w+yMET2ySoeGsbYvQpqpvyeGTBkzUIHtVAx7ZtYbi/95zRTDU38ooiRFiPhkUZhKijEdZ0I7QgNHObDAuBb2r5T3mGYcbXJ5G4I3e/I81Mqls5J3XS5WLqZp5Mg+OSTHxCMnpEKuSJXUCCeP5Jm8kjfnyXlx3p2PSeuCM53ZI3/K+fwBbqmYpA==</latexit><latexit sha1_base64="0dpSt12SQyymLiTOuLYHOvUiwW0=">AAACBXicbZA9TwJBEIb3/ET8Qi2NyUZiYkXuaPyoiDaWGEVI4EL2ljnYsHt32Z0zEkJl41+xsVBj63+w89+4HBQKTrLJk/edyey8QSKFQdf9dhYWl5ZXVnNr+fWNza3tws7unYlTzaHGYxnrRsAMSBFBDQVKaCQamAok1IP+5div34M2Io5ucZCAr1g3EqHgDK3ULhzcoCWDVpBUg2QPmUFRKDin7ULRLblZ0XnwplAk06q2C1+tTsxTBRFyyYxpem6C/pBpu0DCKN9KDSSM91kXmhYjpsD4w+yMET2ySoeGsbYvQpqpvyeGTBkzUIHtVAx7ZtYbi/95zRTDU38ooiRFiPhkUZhKijEdZ0I7QgNHObDAuBb2r5T3mGYcbXJ5G4I3e/I81Mqls5J3XS5WLqZp5Mg+OSTHxCMnpEKuSJXUCCeP5Jm8kjfnyXlx3p2PSeuCM53ZI3/K+fwBbqmYpA==</latexit><latexit sha1_base64="0dpSt12SQyymLiTOuLYHOvUiwW0=">AAACBXicbZA9TwJBEIb3/ET8Qi2NyUZiYkXuaPyoiDaWGEVI4EL2ljnYsHt32Z0zEkJl41+xsVBj63+w89+4HBQKTrLJk/edyey8QSKFQdf9dhYWl5ZXVnNr+fWNza3tws7unYlTzaHGYxnrRsAMSBFBDQVKaCQamAok1IP+5div34M2Io5ucZCAr1g3EqHgDK3ULhzcoCWDVpBUg2QPmUFRKDin7ULRLblZ0XnwplAk06q2C1+tTsxTBRFyyYxpem6C/pBpu0DCKN9KDSSM91kXmhYjpsD4w+yMET2ySoeGsbYvQpqpvyeGTBkzUIHtVAx7ZtYbi/95zRTDU38ooiRFiPhkUZhKijEdZ0I7QgNHObDAuBb2r5T3mGYcbXJ5G4I3e/I81Mqls5J3XS5WLqZp5Mg+OSTHxCMnpEKuSJXUCCeP5Jm8kjfnyXlx3p2PSeuCM53ZI3/K+fwBbqmYpA==</latexit>

⌧S ⇠ 200TM
<latexit sha1_base64="7jQdzAzX394CW9gVRVbwkUkcbZo=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwVJIiqLeiFy9CxcYWmhA22027dHcTdjdCCPWvePGg4tU/4s1/47bNQVsfDDzem2FmXpQyqrTjfFsrq2vrG5uVrer2zu7evn1w+KCSTGLi4YQlshchRRgVxNNUM9JLJUE8YqQbja+nfveRSEUT0dF5SgKOhoLGFCNtpNCu+Rpl4T30FeWw6TiwE96Gdt1pODPAZeKWpA5KtEP7yx8kOONEaMyQUn3XSXVQIKkpZmRS9TNFUoTHaEj6hgrEiQqK2fETeGKUAYwTaUpoOFN/TxSIK5XzyHRypEdq0ZuK/3n9TMcXQUFFmmki8HxRnDGoEzhNAg6oJFiz3BCEJTW3QjxCEmFt8qqaENzFl5eJ12xcNty7s3rrqkyjAo7AMTgFLjgHLXAD2sADGOTgGbyCN+vJerHerY9564pVztTAH1ifP+QRkyw=</latexit><latexit sha1_base64="7jQdzAzX394CW9gVRVbwkUkcbZo=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwVJIiqLeiFy9CxcYWmhA22027dHcTdjdCCPWvePGg4tU/4s1/47bNQVsfDDzem2FmXpQyqrTjfFsrq2vrG5uVrer2zu7evn1w+KCSTGLi4YQlshchRRgVxNNUM9JLJUE8YqQbja+nfveRSEUT0dF5SgKOhoLGFCNtpNCu+Rpl4T30FeWw6TiwE96Gdt1pODPAZeKWpA5KtEP7yx8kOONEaMyQUn3XSXVQIKkpZmRS9TNFUoTHaEj6hgrEiQqK2fETeGKUAYwTaUpoOFN/TxSIK5XzyHRypEdq0ZuK/3n9TMcXQUFFmmki8HxRnDGoEzhNAg6oJFiz3BCEJTW3QjxCEmFt8qqaENzFl5eJ12xcNty7s3rrqkyjAo7AMTgFLjgHLXAD2sADGOTgGbyCN+vJerHerY9564pVztTAH1ifP+QRkyw=</latexit><latexit sha1_base64="7jQdzAzX394CW9gVRVbwkUkcbZo=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwVJIiqLeiFy9CxcYWmhA22027dHcTdjdCCPWvePGg4tU/4s1/47bNQVsfDDzem2FmXpQyqrTjfFsrq2vrG5uVrer2zu7evn1w+KCSTGLi4YQlshchRRgVxNNUM9JLJUE8YqQbja+nfveRSEUT0dF5SgKOhoLGFCNtpNCu+Rpl4T30FeWw6TiwE96Gdt1pODPAZeKWpA5KtEP7yx8kOONEaMyQUn3XSXVQIKkpZmRS9TNFUoTHaEj6hgrEiQqK2fETeGKUAYwTaUpoOFN/TxSIK5XzyHRypEdq0ZuK/3n9TMcXQUFFmmki8HxRnDGoEzhNAg6oJFiz3BCEJTW3QjxCEmFt8qqaENzFl5eJ12xcNty7s3rrqkyjAo7AMTgFLjgHLXAD2sADGOTgGbyCN+vJerHerY9564pVztTAH1ifP+QRkyw=</latexit><latexit sha1_base64="7jQdzAzX394CW9gVRVbwkUkcbZo=">AAAB+3icbVBNS8NAEN34WetXtEcvi0XwVJIiqLeiFy9CxcYWmhA22027dHcTdjdCCPWvePGg4tU/4s1/47bNQVsfDDzem2FmXpQyqrTjfFsrq2vrG5uVrer2zu7evn1w+KCSTGLi4YQlshchRRgVxNNUM9JLJUE8YqQbja+nfveRSEUT0dF5SgKOhoLGFCNtpNCu+Rpl4T30FeWw6TiwE96Gdt1pODPAZeKWpA5KtEP7yx8kOONEaMyQUn3XSXVQIKkpZmRS9TNFUoTHaEj6hgrEiQqK2fETeGKUAYwTaUpoOFN/TxSIK5XzyHRypEdq0ZuK/3n9TMcXQUFFmmki8HxRnDGoEzhNAg6oJFiz3BCEJTW3QjxCEmFt8qqaENzFl5eJ12xcNty7s3rrqkyjAo7AMTgFLjgHLXAD2sADGOTgGbyCN+vJerHerY9564pVztTAH1ifP+QRkyw=</latexit>

Chaotic switching between accessible unstable orbits

•   characterized by chaotic switching between unstable circular eigenstates 

•   converges to a statistically steady state over a statistical relaxation time

•   suggests two unresolved timescales in QM: that of convergence of the pilot-wave
     field to its mean, and that of statistical convergence



Rapid convergence of the instantaneous to the mean pilot wave
(Tambasco & Bush, 2018)

•   mean wave field rapidly converges to convolution result 

Histogram
⌘̄(x)

⌘̄(x) = ⌘B ⇤ µ(x)
•  thereafter, the system approaches a statistically steady state

•  the particle feels the mean pilot-wave potential long before statistical convergence

the mean pilot-wave field acts as an imposed potential



t/TM = 3.5
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t/TM = 22.3
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Rapid convergence of the instantaneous to the mean pilot wave



• used an underlying well-induced wavefield to achieve orbital trapping


• considered the generalized pilot-wave framework to reveal a richer 
dynamics, including chaotically switching states


• demonstrated that the mean wavefield (as deduced by Durey’s Theorem) 
is established well before the statistics have converged


• the statistical relaxation time is much longer than the timescales of 
establishment of the mean pilot-wave field


• beyond the establishment of the mean wave field, the droplet feels this 
self-induced potential

Summary





 3D Pilot-Wave Dynamics 

Physical picture

Particle is source of spherically symmetric 
waves

Wave field may destabilize stationary 
particle

with Adam Kay, Matt Durey

• does the discontinuity in drop-bath interaction in 2D preclude pilot-wave modeling in 3D?



High

memory


Walking 

threshold


Generalized Pilot-Wave Dynamics: moving to 3D 

Magnitude of inertial force  
(i.e. dimensionless mass) 

Magnitude of wave force 
(i.e. dimensionless memory)

Pilot waveform:

• a mathematical bridge between macroscopic and microscopic pilot-wave theories

        Wave kernel: in 1D


in 2D


in 3D

 

Trajectory equation: 

Two dimensionless parameters:  



The 3D pilot-wave field 



Helical spin states

where

•  may exist provided:  

<latexit sha1_base64="jtoMe3D5MsRLICfOioA69SGseZk="></latexit>

x(t) = r cos!t i+ r sin!t j+ vt k



• double quantization, with discrete solutions in both radius, and pitch angle. 

Helical spin states



Regime diagram in 3D 

Overdamped

Underdamped

Underdamped
Helical spin states

Chaos
Mixed



A generalized pilot-wave framework

•   explore beyond the range of the hydrodynamic system

•   retain key features of walker system 

•   connect to and inform quantum pilot-wave theories

(memory, resonance, quasi-monochromatic wave field)

•   discovered new quantum features

•   extended to 3D, where  helical spin states were found

- stable spin states, purely stochastic regime, in-line oscillations

(Bush ARFM 2015,  Durey & Bush, 2020)



BIG PICTURE

•  the landscape before PWH:  classical mechanics and quantum mechanics

Quantum 
Mechanics

Classical
Mechanics



BIG PICTURE

•  enter pilot-wave hydrodynamics

QM

PWH HQAs

Classical
Mechanics



BIG PICTURE

PWH

•  has motivated exploration of the Generalized Pilot-wave Framework  

GPWF

QM

Spin
Jitter

HQAs


