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Introduction to Faraday waves:

We will pursue a 
pilot-wave model 

along the
potential theory

framework:

! ⌘ ⌦

(our notation)

f ⌘ g�

Benjamin & Ursell
(Proc.Royal Soc. ’54)



Stab. Anal. => Mathieu eqn.



Most unstable mode is p=1:
(Benjamin & Ursell, ’54)

    (sub-harmonic)

forcing frequency



 fluid/wave

2D1D 
modeling 

Will focus on: cavity structure & conformal mapping; 
Dirichlet-to-Neumann operator



1D dynamics of 2 droplets  placed  at a distance

2 droplet-dynamics: Newton’s Law

2 wave makers

cavity cavity cavity

DtN

shaking

Tc ⌘ TF /4contact time

wave 
system

⌘(x, t) = wave elevation

�(x, y, t) = velocity potential

F (t) ⌘ 1ITc=TF /4G(t)

DtN: Fourier integral  op. 

DIRICHLET-to-NEUMANN  
OPERATOR

g⇤=g(t)= g(1� � sin(!0t))

surface tension

viscosity

droplet’s  pressure 
term

(Dias, Dyachenko & Zakharov ’08)



u ⌘ �x �  z, w ⌘ �z +  x

z  0

�, ! 0 as z ! �1

0 =
p

⇢
� 2⌫wz

0 = ⌫(uz + wx) = ⌫ [2�xz �  zz +  xx]

Modeling ideas
Helmholtz decomposition:      velocity = (curl free + div free) parts

Problems that arise from LINEAR Navier-Stokes eq. at

normal stress

tangential stress

�� = 0

 t = ⌫ � 

Potential component of velocity field:

Vortical  component of velocity field:

Bernoulli equation ⇥t = �p� p0
�

� gz

(Dias, Dyachenko & Zakharov, 2008;   Lamb, 1932)

(� = � = Pd = 0)

LINEARIZED STRESS RELATIONS:

simplified 2D.



1D dynamics of 2 droplets  placed  at a distance

2 droplet-dynamics: Newton’s Law

cavity cavity cavity

Tc ⌘ TF /4contact time

wave 
system

⌘(x, t) = wave elevation

�(x, y, t) = velocity potential

F (t) ⌘ 1ITc=TF /4G(t)

g⇤=g(t)= g(1� � sin(!0t))

viscosity
(Dias, Dyachenko & Zakharov ’08)
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Laplace eq.

NL kinematic cond.

NL Bernoulli cond.

Neumann cond.

fX

Y





Laplace operator



1D dynamics of 2 droplets  placed  at a distance

2 droplet-dynamics: Newton’s Law

cavity cavity cavity

DtN

shaking

contact time

wave 
system

⌘(x, t) = wave elevation

�(x, y, t) = velocity potential

DtN: Fourier integral  op. 

DIRICHLET-to-NEUMANN  
OPERATOR
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K(P,Q) = K(|P �Q|) = ln(r)

O

In preparation for the DtN operator



D D N

ND
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Dirichlet data:   
single Fourier mode

Velocity potential Neumann 
Flat bottom

An exercise in Separation of Variables

�� = 0

(u, v) = r�

função harmônica/satisfaz Neumann embaixo/avaliada apenas com Dirichlet

d�/dn = 0

extensão harmônica do modo de Fourier;     e satisfaz Neumann no fundo.

Laplace eq

ux + vy = (�x)x + (�y)y = 0incomprss.
irrotacional vx � uy = (�y)x � (�x)y = 0

At some fixed time wavenumber



�� = 0

(u, v) = r�

Harmonic function : superimpose all Fourier modes

d�/dn = 0

Harmonic extension of Fourier mode;     satisfies that Neumann at bottom.

eq. de Laplace

ux + vy = (�x)x + (�y)y = 0incomprss.
irrotacional vx � uy = (�y)x � (�x)y = 0

wavenumber

Dirichlet data:   
single Fourier mode

Velocity potential



Dirichlet-to-Neumann operator (DtN):

DtN = pseudo-differential operator

S(k)= symbol of the integral Fourier operator

The harmonic function representation

To get Neumann data at the top:

long waves

d

dx
�(x, 0) =

Z 1

�1
(ik) '̂(k)eikx dk

tanh(kh0) ⇡ kh0 �
(kh0)3

3

k = 2⇡/�, k ⌧ 1

Example:
differencial operator

symbol 



Dirichlet: �(x, 0, t) = '(x, t)
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Z = x+ iz

D
D Laplace

z

x
DtN?



Z-plane w-plane: uniform strip

cos(x(⇠))
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Schwarz-Christoffel Toolbox, by Driscoll 
a numerical conformal mapping

Z = x+ iz
w = ⇠ + i⇣

D
D

p
|J |(⇠, 0) ⌘ M(⇠)

|J | = Jacobian

Laplace Laplace

Neumann

1



Z-plane w-plane: uniform strip
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Schwarz-Christoffel Toolbox, by Driscoll 
a numerical conformal mapping

Z = x+ iz
w = ⇠ + i⇣

D
D

p
|J |(⇠, 0) ⌘ M(⇠)

|J | = Jacobian

Laplace Laplace

Neumann

1



particles on a vibrating background

a particle on a potential of
its own making



ONE CAVITY
a particle on a potential of

its own making

tim
e

wave acting as a potential ;   harmonic oscillator-like dynamics

Newton’s Law: 
droplet/particle dynamics



Looks like a harmonic oscillator 
We observe a SLOSHING WAVE

Take a single droplet 
     in a single cavity

To understand the underlying dynamical system 
lets take a pause with simpler models

X

tim
e



Take the simple damped and forced oscillator

using the “ROCKING" Potential 

m
d2X

dt2
+ d

dX

dt
+

dV(X, t)

dX
= 0

Take a single droplet 
     in a single cavity

To understand the underlying dynamical system 
lets take a pause with simpler models

X

tim
e

V(X, t) =
K0

2
(X� "

K0
sin(!t))2
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Take the simple damped and forced oscillator

using the “ROCKING" Potential 

m
d2X

dt2
+ d

dX

dt
+

dV(X, t)

dX
= 0

Take a single droplet 
     in a single cavity

To understand the underlying dynamical system 
lets take a pause with simpler models

X

tim
e

V(X, t) =
K0

2
(X� "

K0
sin(!t))2
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m
d2X

dt2
+ d

dX

dt
+Ko ·X = " sin(!t)mass-spring



m
d2X

dt2
+ d

dX

dt
+Ko ·X = " sin(!t)

Take the simple damped and forced oscillator

using the “ROCKING" Potential 

m
d2X

dt2
+ d

dX

dt
+

dV(X, t)

dX
= 0

Take a single droplet 
     in a single cavity

Lets take a pause with simpler models

X

tim
e

V(X, t) =
K0

2
(X� "

K0
sin(!t))2

<latexit sha1_base64="MEzdnVhrUwqPNi0fuKvLoFJ/crA="></latexit>

m
d2X

dt2
+ c4G(t)

dX

dt
= �1Itc= 1

5TF
G(t)

d⌘

dx
(X, t)

mass-spring

sloshing wave
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(“rocking” parabola)



 "ROCKING" POTENTIAL

dV

dx
= Ko sin(x� " sin(!t))

V(x, t) = Ko(1� cos(x� " sin(!t))

SLOSHING WAVE

(“rocking” cosine)



dV

dx
= Ko sin(x� " sin(!t))

m
d2x

dt2
+ d

dx

dt
+

dV

dx
= 0

V(x, t) = Ko(1� cos(x� " sin(!t))
forced   DUFFING’s eq.

small deflections: expand…

for a fixed and small  
sinusoidal  

WAVE SLOSHING 
this resembles a 

DUFFING eq.  



 Scientific   
Computing 



 2D fluid/1D waves   with   BOUNDARIES
only    HORIZONTAL DYNAMICs

cavity

cavitycavity

TI
M

E
Effects at a distance



h=6mm

h=0.5mm

h=1.mm
drop 2

2 x 1.5 Faraday wavelengths (lambda_F = 4.75mm)

laboratory experiment by Miles Couchman (MIT, 2016)

0 0.5 1 1.5 2 2.5 3
Frequency (Hz)

0

0.5

1

1.5

2

2.5

3
x-FFT

Two Drops
One Drop

drop 1

Non-local features of a hydrodynamic pilot-wave system, 
Nachbin, Couchman & Bush 
APS Division of Fluid Dynamics (Fall) 2016 
Bibcode: 2016APS..DFDL16005N 
 non-local forcing 

secondary 
harmonic 

CONFIRMING 
nonlocal 

effect

3 Cavities

drop 2

https://ui.adsabs.harvard.edu/abs/2016APS..DFDL16005N/abstract


in synch (1:45)position

sp
ee

d

PHASE SPACE
DYNAMICS

REFLECT one
DROPLET

750TF

tim
e

spikes during contact

 ONE CAVITY
TWO oscillators,

under a 
dynamically

evolving potential

The 
wave-mediated

dynamics.



Coupled oscillators that can spontaneously synchonize

https://en.wikipedia.org/wiki/Kuramoto_model

- limit-cycle -  
coupled phase 

oscillators

order  
parameter 

r

Kuramoto model:   Winfree ’67;  Kuramoto ’75

(phenomenological model for phase transition from incoherence to a coherent state)

centroid

nat. 
freq. 

(random)

phase 
change

coupling 
matrix nonlinear 

coupling

critical  
Kc  

time

r

r1
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https://en.wikipedia.org/wiki/Kuramoto_model


OSCILLATING DROPLETs that can SPONTANEOUSLY SYNC 

droplets on a POTENTIAL 
of their own MAKING: 

the WAVE

2 wave makers

cavity cavity cavity

WAVE-MEDIATED COUPLING 
THROUGH 

a PDE w/ FEEDBACK

IMPLICIT  

Tc ⌘ TF /4contact time
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13  
wavelengths

85 droplet 
diameters

wide  
barrier

droplet’s 
disordered 
oscillation 

in time

Not in SYNC! 

Is the dynamics 
SEPARABLE? 

in the sense 
of being 2 

 independent  
sub-systems?



Phase space animation
1/4 of the total time            w4C2D_04
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STATISTICALLY   INDISTINGUISHABLE 
STATISTICAL COHERENCE

RIGHT  DROPLET

LEFT DROPLET

the   REFERENCE   ORBIT

HISTOGRAMS  
in PHASE SPACE
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Phase space dynamics is  
described by the  

SYSTEM as a WHOLE 
and NOT by 

each subsystem 
independently

SINGLE DROPLET DYNAMICS 
RIGHT  DROPLET

dynamics not separable 
statistics not factorizable



perturbed to 1.2cm 
“different particle"

LOOSE statistical coherence



perturbed cavity 
to 1.7cm 

different transmission 
line retained statistical coherence

previous 
unperturbed case

different distribution

still statistically indistinguishable

bimodal


