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Introduction to Faraday waves:

We will pursue a
pilot-wave model
along the

potential theory '

framework:

The stability of the plane free surface of a liquid in
vertical periodic motion

By T. B. BeExsamiN, Department of Engineering, University of Cambridge

Benjamin & Ursell

AND F. UrseLn, Faculty of Mathematics, University of Cambridge ( Proc. Royal Soc. ’54)

(Communicated by Sir Geoffrey Taylor, F.R.S.—Received 13 April 1954)

The stability of a liquid in vertical periodic motion 507

where F(I) i8 mdependent of x, y, z, and may be put equal to O and(z 1) gives

g ‘a=¢ "¢' o

o T o v = (2+3)

the wallst)The simplified equations are, from (2-5),
ok _ % —o-
5 = W= forz = 0;

and from (2-4) (82(+g:,§) (?)M_(g —feoswt) = 0.

The approxnmatxon used here for the curvature is fanuhar in membrane theory

(Rayleigh 1894, §194).
There is an important consequence of these boundary conditions. From (2-6)
and (2-8) it follows that ¢2{/éton = 0 at any point of the curve C bounding the free
surface, whence 6{/on = itsinitial value = 0. Thus the angle of contact at the wallsis
82§ o2

90°. Also, by applying the operator é/on to (2-9), it is found that — ( +3 )2 =0
2
on C. These boundary conditions show that r;S and g_:(i + Q-—, can each beexpanded

(2-10)

(our notation)

f =gl
w = ()



{=z,y,t) = f: @, (1) S, (z,y),

a .
o+ 5 = — S K (0 S, (3,0),

® da,, k.,
B,y 2 1) = — 3 ) °‘,:°hsm,f'; 28, 9) +G0), (211)
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If the parameters p,, and ¢,, are defined by the equations

4k, tanh k, h 2.y _ 2k, ftanhk, A
| = o (g+ —p—') s m = o2 i ) (2-13)
- hen (2 1 2) takes t.he form B Stab. Anal. => Mathieu eqn.
(2:14)

which is the tanda f ods ' ‘Q McLachlan (1947).

+

relating to fr%e vibrations of the liquid. The frequency (= 1/period) of these
vibrations is i
O _ 1 [tanhk h("’p7+k,g)] (2:15)

| 2 2m
an p,,, ’. gNote also that g, = 2k, tanhk, A x (amplitude of vibration).



Most unstable mode is p=1:
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wF=2

(sub-harmonic)

forcing frequency
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Ficure 2. Stability chart for the solutions of Mathieu’s equation

i isoch
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half-frequency,

(Benjamin & Ursell, ’54)
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Will focus on: cavity structure & conformal mapping;
Dirichlet-to-Neumann operator




10 dynamics of 2 droplets placed at a distance

0.1
77(513, t) = wave elevation O ———————— . L———=
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o(x,y,t) = velocity potential - cavity cavity cavity
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term 1 1
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o simplified 2D.
Modeling ideas (c == P, =0)
Helmholtz decomposition: velocity = (curl free + div free) parts

(Dias, Dyachenko & Zakharov, 2008; Lamb, 1932)

UE¢33—?7DZ, w5¢z+wx

o, — 0 as z = —o0

Problems that arise from LINEAR Navier-Stokes eq. at 2 < 0

Poteﬁtal nent of veIouty F eld A¢ — O
Vor'ticalcomponent of velocity field: wt =V Aw
Bernoulli equation ¢t — p—Po gz
P !
EARID S REON '\ S
) = E — 2V, normal stress
P

() = V(Uz —+ wx) — [2¢x2 — wzz -+ www] tangential stress



10 dynamics of 2 droplets placed at a distance

0.1
77(513, t) = wave elevation O ———————— ’ L——-=
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10 dynamics of 2 droplets placed at a distance

iscosit 9
VIScoSIty wave @ — 3_¢ -4 21/8_727’
g(t)= g1 -Tsin(wot)) = gystem 9t 9z 07
surface tension O o 32 32
| % _ —g(t)n+ — 727 | 21/—(2
droplet’s pressure ot p Ox ox
term 1 1
DiN: Fourier integral op. _ _Pd(a3 — X1 (t)) - _Pd(w — X (t)),
P 2 wave makers %
DIRICHLET-io-NEUMANN e R —

OPERATOR contacttime 1, = T /4



10 dynamics of 2 droplets placed at a distance
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10 dynamlcs of 2 droplets placed at a dlstance
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A TERRAIN-FOLLOWING BOUSSINESQ SYSTEM*

ANDRE NACHBINT
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F1G. 4.1. A schematic figure showing a slowly varying topography in the xy coordinate system
together with the £ and ¢ level-curves. This figure was generated using SC-Toolboz [4].

4. Nonlinear potential theory equations in terrain-following coordi-

nates. The scaled water wave equations in the fixed orthogonal curvilinear coor-
dinates (&, () (cf. Figure 4.1) are

(4.1) b + b5 = 0, — VB << aV/BN(E,t), Laplace egq.
with free surface conditions

1
(42) [7IN: + ageNe — —5 e =0 NL kinematic cond.
and
(4.3) b, + 1+ ﬁ (¢g + ¢g) — 0 NL Bernoulli cond.

at ¢ = ay/BN(£,t). The bottom condition is

(4.4) 6 =0 at {=—/p. Neumann cond.



& C O & https://tobydriscoll.net/project/sc-toolbox/

-2) Import bookmarks... D Util !i Mail - Outlook i IMPA Mail 9 Botafogo GE & WPI Hub Workday Q Getting Started

-1 Toby Driscoll Home Publications Projects Books Posts

-2 0 2 4 6 8 10 12

Schwarz-Christoffel Toolbox for MATLAB

FiG. 4.1. A schematic figure showing a slowly varying topography in the zy coordinate system Conformal mapping to regions bounded by polygons.
together with the £ and ¢ level-curves. This figure was generated using SC-Toolbox [4].

6o = 77 [Tedc— o

Schwarz—ﬂhrlstoffel
Mapping

1
|| = zele — Jexg = §7 + U

Tobin A. Driscoll and
Lloyd N.Trefethen



In particular, at the undisturbed free surface or for linear problems,

-2 l I I 1 l I I l

FiG. 4.1. A schematic figure showing a slowly varying topography in the xy coordinate system
together with the & and { level-curves. This figure was generated using SC-Toolboz [4].

6o = 57 [icte— 5o ]

At the undisturbed level we define the variable fre(-a surfac_e coeﬁicz:ent |

M(£) = §z(€,0) = 1+ m(§),

62 +63 = 7 (62 +02),

Laplace operator



10 dynamics of 2 droplets placed at a distance
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In preparation for the DtN operator
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An exercise in Separation of Variables

At some fixed time Ay - wavenumber
//.\ & v/// / = / \? o= 2T} Dirichlet data:
< 2 single Fourier mode

Velocity potential Neumann
o Flat bottom
P by (u,v) =V

incomprss. Uy + Uy = (@z)z + (¢y)y =0
irrotacional Vg; — Uy = ((/by)x — (gbx)y =0



%ﬁwﬁr’ .~ wavenumber

A

‘ N B % Dirichlet data:
J S Bl single Fourier mode
S

Aqﬁ =0 1%4

Velocity potentlal
P Py (u,v) =V

incomprss. Uy + Uy = (@z)z + (¢y)y =0
irrotacional Vg; — Uy = ((/by)aj — (gbx)y =0

dé/dn = 0

Harmonic extension of Fourier mode; satisfies that Neumann at bottom.

P Ory) = <m alduiag2) ) Ye -
S TR AN

Harmonic function : superimpose all Fourler modes

. KLQ G:/A(K(Vh (//J‘\ C’Ui
Plry) = () G (i)

—



The harmonic function representation

Dlrlchlet to Neumann operator (DtN)

™~4 N T —\ K ""z

4\% P{CHLET
NEAMANN
DtN = pseudo-differential operator k=2m/)\ k<1
(kho)? long waves

tanh(khg) ~ khg — 2

. d S s?'mbol R .
dlffEr)e(r:gI“oapleerator d ('CC O) /OO(Z'ZC) SO(:ZC)G g dk‘



A

< DtN?

Dirichlet: ¢(x,0,t) = ¢(x, 1) :1;

0.1}

05

-1.5 -1 -0.5 0.5 1 1.5

/J =x+ 1z



Z-plane w-plane: uniform strip

Dt Nzlpl(x,t) = ¢.(x,0,1) = ME(x.0)) Dt Ny, [9](5(x,0)).

Schwarz-Christoffel Toolbox, by Driscoll

-0.1

-0.5

| .DiriCh.let: qb(l% 0,1) : 90(337'75) | a numerical conformal mapping
i | — 11 Laplace
: 1 1 1 L L . . :
1.5 1 05 0.5 1 1.5 Neumann = -
. w=%¢&-+1
/ =x+1z ST

o0

1 |
— k tanh(k)@(k,1)e'™ dk.
N Y

DtNy[pl(§,1) =




Z-plane w-plane: uniform strip

Dt Nzlpl(x,t) = ¢.(x,0,1) = ME(x.0)) Dt Ny, [9](5(x,0)).

. . _ Schwarz-Christoffel Toolbox, by Driscoll
| Dirichlet: qb(x, 0, t) _ gp(az,lt) | a numerical conformal mapping
-0.1 B
+— 11 Laplace
-0.5 : | | | | | | | :
15 -1 0.5 0.5 1 15 Neumann :
: w=~&-+1
/ =x+1z St
DtN,[plE, 1) = N k tanh(k)@ (k,1)e'* dk.
cos(z) oversampling with cubic splines 7 oo
1
OF —_
_1 /\/\/\ VIJ|(€,0) = M(€)
COS\T .
(e) |J| = Jacobian
O / \/\/ \
-1
J. Fluid Mech. (2012), vol. 695, pp. 288-309. (© Cambridge University Press 2012 288
PHYSICAL REVIEW FLUIDS 2, 034801 (2017) doi:10.1017/fm.2012.19

Water waves over a variable bottom: a non-local

Tunneling with a hydrodynamic pilot-wave model . .
formulation and conformal mappings

André Nachbin,"” Paul A. Milewski,” and John W. M. Bush’
A. S. Fokas'? and A. Nachbin?f



particles on a vibrating background

a particle on a potential of
its own making




ONE CAVITY
a particle on a potential of
its own making

Newion’s Law:
droplet/particle dynamics

wave acting as a potential ; harmonic oscillator-like dynamics




To understand the underlying dynamical system
lets take a pause with simpler models

Looks like 2 harmonic oscill‘ N
We observe a SLOSHING WAVE

time




To understand the underlying dynamical system
lets take a pause with simpler models

__nasingle cavity

Take the simple damped and forced oscillator h

X dX  dV(X,t)

" T T ax ! =
using the “ROCKING" Potential PR S
KO e . 2 X
V(X,t) = 7(X K sin(wt)) < S




To understand the underlying dynamical system

lets take a pause with simpler models

Take the simple damped and forced oscillator h

X dX  dV(X,t)

" T T ax ! =
using the “ROCKING" Potential P
VX, 1) = 20X - Z gn(wh))? "
2 K,
d?X dX
massspring - 4 d—— + K, - X = esin(wt)

dt? dt




Lets take a pause with simpler- models

Take a single droplet _
in a single cavity “*.

Take the simple damped and forced oscillaf g

CPX | dX dV(X )
I I dX

=0

dt? dt

time

using the “ROCKING" Potential

X

K
V(X,t) = —2(X — — sin(wt))?  Crocking” parabola
2 Ko R
N d2 X d X ° l Y
mass-spring m T - d = | KO . X = ¢ Sm(wt)l ’
72X 4 dn sloshing wave
m T2 - C F(t)ﬁ — _HtC:%TFG(t)_(th)

due to flight F'(t) =10, _.1.,G(t)



(“rocking” cosine) V(X, t) — Ko(l — COS(X — & Sin(wt))

dV

s K, sin(x — esin(wt))

SLOSHING WAVE

"ROCKING" POTENTIAL




d?x dx dV

V(x,t) = Ko(1 —cos(x —esin(wt)) o DUCEING eq.

K, sin(x — esin(wt))

small deflections: expand...

SCHOLARPEDIA
the peer-reviewed
open-access encyclopedia

Duffing oscillator is an example of a periodi®ally forced oscillator with a nonlinear elasticity, written as

X+ 6x +ﬂx+ax3 = yCOSwt ,

rgid frame

where the damping constant obeys § > 0, and it is also known as a simple model which

yields chaos, as well as van der Pol oscillator.

sinusodal
exciting force

beam

I

I

I

I

I

I

I

I

I

I

| o
r‘
I

fxdza = I N
3 sinusoidal % = B m
WAVE SLOSHING - L Ll L

¥ thisresemblesa ¥
4 DUFFING eq.

Figure 3: For f§ < 0, the Duffing &~
oscillator can be regarded as a
model of a periodically forced steel
beam which is deflected toward the
two magnets.
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week ending
19 JUNE 2009

PHYSICAL REVIEW LETTERS

PRL 102, 240401 (2009)
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A. Eddi,! E. Fort,? F. Moisy,” and Y. Couder’

Effects at a distance

Unpredictable Tunneling of a Classical Wave-Particle Association

20 fluid/10 waves with BOUNDARIES

only HORIZONTAL DYNAMICs



CONFIRMING laboratory experiment by Miles Couchman (MIT, 2016)

nonlocal
effect

h=1.mm
drop 1 / \ drop 2
o K- N -

h=0.5mm
x-FF'T
2 x 1.5 Faraday wavelengths (lambda_F = 475mm) 3 '
— Two Drops
dl’Op 2 —One Drop
25
Non-local features of a hydrodynamic pilot-wave system,
Nachbin, Couchman & Bush 5l
APS Division of Fluid Dynamics (Fall) 2016 _ .
Bibcode: 2016APS..DFDL16005N non-local forcmg
secondary
harmonic

“—

1_

0.5

0.5 1 1.5 2 2.5
Frequency (Hz)

3


https://ui.adsabs.harvard.edu/abs/2016APS..DFDL16005N/abstract

wiC2D_03) PHASE SPACE . . ~ weows  SPikes during contact

Gamma=4.6

LL~ Len DYNAMICS

T —

750TF

time

ONE CAVITY
TWO oscillators,
under a
dynamically
evolving potential

- The
— - wave-mediated
e REFLECT one d _
e~ DROPLET — ynamics.
2 o “ -zz. ° ‘l) .012' 04 : 06




Coupled oscillators that can spontaneously synchonize
Kuramoto model: wintree'67. xuramoto75

(phenomenological model for phase transition from incoherence to a coherent state)
N
- limit-cycle - 0; = w; + E Ki; sin(é’j — 92), 1=1,..., N,

coupled phase phase nat.

\ —1 coupling  ponlinear
oscillators change  freg. I=1 matrix coupling
(random)
order
Pafa;ﬂem Kuramoto Oscillators d K>K,
= - : i i ) TOO
Nil Phase-Locking Partial Phase-Locking Full Phase-Locking
lw 1 N 0. \)( f K< K(.
— J
e = 53 S
izl . time
critical
Ke

centroid O

K=12
https:/en.wikipedia.org/wiki/Kuramoto model



https://en.wikipedia.org/wiki/Kuramoto_model

OSCILLATING DROPLETs that can SPONTANEOQUSLY SYNC

0

.1 ® o
0 = — ===
Z

cavity cavity cavity
05 19  -09-05 05 09 1.9
X
3} : on
mX1+c F(t)Xl = —F(t) B_x(Xl (t), t). IMPLICIT
5 WAVE-MEDIATED COUPLING
: ; THROUG
m&s e F(0)Xs = —F() 5100, pog v FEEDBACK
contacttime 1, = T /4
oy _ 0o o
droplets on a POTENTIAL ot 0z 0x?’
of their own MAKING:
the WAVE O o 8%n 826
ot = IOt o T
1

2 wave makers



TWO

DROPLETS

FAR APART

Walking droplets correlated at a distance
André Nachbin

Citation: Chaos 28, 096110 (2018); doi: 10.1063/1.5050805




droplet’s
disordered
oscillation
in time

Not in SYNC!

Is the dynamics
SEPARABLE?
\ %
in the sense
of being 2
independent
sub-systems?

H (T A M ik ’MH‘ {? < Rk ?f M)K\

— wide
barrier
|

|
4



dse Space animation

1/4 of the total time w4C2D 04

PHASE PLANE SQUARE = LEFT CAVITY; CIRCLE = RIGHT CAVITY

YELOCITY

POSITION

POSITION



LEFT DROPLET

HISTOGRAMS
in PRHASE SPACE

R wesstmmmetENpT

3.5

o

| STATISTICALLY INDISTINGUISHABLE
STATISTICAL COHERENCE

2.6

RIGHT DROPLET

*x10°




SINGLE DROPLET DYNAMICS  Walking droplets correlated at a distance
RIGHT DROPLET André Nachbin

Citation: Chaos 28, 096110 (2018); doi: 10.1063/1.5050805

3.2
3.1

Phase space dynamics is
described by the ’
SYSTEM as a WHOLE
and NOT by
each subsystem
independently

W—w

dynamics not separable
statistics not factorizable
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perturbed to 1.2cm
“different particle"
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perturbed cavity
previous to 1.7cm
unperturbed case different transmission

line

-~ bimodal

o retained statistical coherence

36

- 32
28 3
SPEED ‘ POSITION

e different distribution

34

3
28

2
SPEED 26

POSITION



