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Lecture 14: Orbital pilot-wave dynamics



Walkers in a rotating frame

Path-memory induced quantization of classical orbits
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Quick review: Dynamics in a rotating frame 02

I. Particle motion in a rotating frame

e fictitious forces result from interpretation of inertial forces in rotating frame
. . ) . F L QQ A
® stationary particles subject to centrifugal force cent =Tl rr

e moving particles subject to Coriolis force ~F o = 2mu A €2

Trajectory equation in a rotating frame

MXp = Fext + 2mxp A 2 + mQ2rf

Inertia Coriolis Centrifugal



II. Navier-Stokes equations in a rotating frame

e consider frame rotating with uniform angular velocity €2 = ()2
e velocity, U, in rotating frame related to that, V ,inlab frameby u = v — Q2 A r

¢ sub into Navier-Stokes for V' to deduce their form in the rotating frame:

D 1
_u:——Vpd + vVu + g — 2QAu , V-u=0
Dt 0

1

where the dynamic pressure Pd =P — pg - X — 5 pQQTQ

Statics: u=0 — Vpgz=0

1 r R A
p=Dpo + pg-X — 5,0&227“2 l_gz AQZ

Isobar on free surface: 0?2
2

Z = —T




Experimental setup
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Fort et al, PNAS 107 (41) 17515-17520 (2010).
Harris & Bush, JFM 739, 444-464 (2014).




III. Walking droplets in a rotating frame
¢ interface represents a parabolic 1sopotential, weakly curved

e a stationary bouncer bounces perpendicular to the curved free surface

¢ the outward centrifugal force is precisely balanced by the inward curvature force
¢ trajectory equation for a walking droplet need only be augmented by Coriolis force
e walkers translate at free walking speed, but transform to bouncers at high ()

¢ tend to execute anticyclonic orbits, for which centripetal and Coriolis forces balance
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Inertial orbits: anticyclonic

—— = |Fal| = 2mQuq

Coriolis force:
F = -2mQ x x,

Force on charged particle:

F=—¢B xx,




Walker on a rotating bath

Lab frame Rotating frame
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Wave fields generated by orbiting walkers
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Orbital quantization
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Pilot-wave dynamics in a rotating frame
Oza, Harris, Rosales & Bush (2013)

. Tt JkE x(t) - x(s)])
mx  Dx — — —————
Iv Jow  |X() — X(s)

'+ __ )/ AT ‘ .
t=s)/(TeMe) o 9mQ) % x

I

Coriolis force

(x(t) — x(s))e”

Seek orbital solutions: 7,(t) =1, 0,(t) = wt



Pilot-wave dynamics in a rotating frame

Oza, Harris, Rosales & Bush (2013)

. _ I Ikr lx(t) — x(s)) R PR Prapp | _
mx  Dx — T_ | "t")‘ ' [, %)" | (Xt — x(s)) e\t TeMe) o 9m Q) x x
I —X Xl\. XS

Coriolis force

Seek orbital solutions: 7,(t) =1, 0,(t) = wt

!

F [~ Wz Wz .
9 . A . &~ A
—mrow” = — Jq (QkFro sin —) sin —e~/ MeTF) 2 4 2mrrQuw
1 Jo 2 2
F [~ L w2 WZ
Drow = — J4 (Qkpro sin —) cos — e~/ (MTr)
T Jo 2

nonlinear system of equations in (r,, w)



mxX Dx — — (X(t) — x(s))e

Oza, Rosales & Bush (2013)

Stability of orbital solutions

I Ji(kp x(t) — x(s)])

TF — (X IX :f ) X[ S )

write equation 1n polar coordinates

linearize around orbital solutions:
F() =g+ erit), 0(t) = wt + 0,1
Laplace transform linearized equation
L[r;]=R(s), <£[0,] =06(s)
and obtain solutions
R(s) = a(s)/F(s), ©(s) = b(s)/F(s)

zeros of F(s) determine stability of orbital solution
- Stable 1f Re(s) < 0, unstable 1f Re(s) > 0

=t=s)/(TeMe) g0 9900 % x

(0<e<<]I)
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low memory
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ro/Ar

Low-memory results

mn
Deduced: — = a—=1+

~/vr = 0.822 + 0.006

AFM} T kp
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* continuous variation of orbital radius and frequency with rotation rate

» offset from classical prediction can be understood as a wave-induced added mass

(Bush, Oza, Molacek 2014)
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Mid-memory regime

v/ye = 0.922

Bands of orbital radii
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High memory regime
v/ve = 0.971

) stable
£ orbits

n=4

unstable
ell, n-a orbits

wobbling

n=0 1r

a =

« more bands of radii become inaccessible

* multiple radi accessible for fixed rotation rate
 periodic fluctuations in orbital radius observed

wobbling
orbits '




Stability of circular orbits: high memory
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Hydrodynamic spin states at ultra-high memory?

UNSTABLE!
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Oza, Rosales & Bush (2018)

Balance between inertial and wave force.

Orbital radii split by applied rotation.
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Ultra-high memory limit (M >> 1)

3
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Approximate governing equations in high-memory limit:

Radial: —mrgw® = FM,Jy(kprg) Ji (kere) + 2mQrgw + O (:]U . ' )
. F , , o , ».
Tangential: Drow = (1 —J3 (kpro)) + O (M)

ls::yT'yer )

mmm)  As Me — 00 rg satisfies Jo(krpro) = 0 or Jy(kprg) =0

A e Dy ¥ * . 1111
Arg _ 2mirg|w’| _Q Zeeman-like splitting
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Eddi et al., PRL (2012)
Analog Zeeman splitting of orbiting pairs

e the Zeeman effect is the splitting of spectral lines in the presence of a uniform B

¢ invoke Coriolis-Lorentz equivalence: orbital radii split by applied rotation
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Self-attraction into spinning eigenstates of a mobile wave source by its emission back-reaction
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Hydrodynamic spin states Bernard-Bernardet et al. (2023)

e weak topographical confinement enables spin states
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Rotational trapping at very high () Oza et al. (2014)

¢ rotation transforms walkers to bouncers, since orbital radius approaches zero
¢ trapped states have infinitesimal radius, but finite orbital frequency
® deduced trapping criterion by considering high () , small radius limit

¢ not readily achievable in the lab
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Fort et al. (2010)
Quantization of inertial orbits in a rotating frame Harris et al. (2014)

Ozaetal. (2014)

e orbital quantization emerges owing to the walker’s interaction with its own wake
e results from the dynamic constraint imposed by its monochromatic self-potential

* orbital quantization is a generic feature of pilot-wave dynamics subject to constraints



The tongue diagrams: stability plots

 Blue: Stable orbit

» Red: Unstable orbit
(largest eigenvalue real)

* Green: Unstable orbit
(largest eigenvalue
complex)
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The tongue diagrams: form rationalized by Nicholas Liu
0.98 * Blue: Stable orbit
» Red: Unstable orbit
(largest eigenvalue real)
* Green: Unstable orbit
(largest eigenvalue
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Non-linear behavior - Simulations
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Oza, Wind-Willassen, Harris, Rosales & Bush, PHF (2014)



Weakly non-linear behavior - Simulations

Oza, Wind-Willassen, Harris, Rosales & Bush, PHF (2014)
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Wobbling orbits
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Wobbling orbits

Simulation Experiment
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Wobbling orbits
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fwobble / forbit

Wobbling frequency: experiments vs theory

n=1
2.5 I
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N O 96.9 +0.4%, u = 12.3 mm/s
2.4t AN m 97.4:0.1%u_=123mm/sH
N R oD 97.8:0.3%, u_ =124 mm/s
A N — — — Theoretical
23 N =
22+ -
IZIII:I :
m'w
Iﬁ__.
.llli
O
~ L ‘ B
| | |
1.5 2 25 3
2QN_/u
F 0

Liuetal., JFM (2023)



Non-linear behavior - Simulations
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Wobble and drift

e windows of periodicity in a predominantly chaotic regime
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Wobbling and drifting orbits

Multiscale orbits
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Wobbling orbits (n = 1)
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Drift amplitude and frequency
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Experiment

Wobble & leap dynamics
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2.5

Wobble & leap

numerical simulation

0.5

experiments
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Periodic or quasi-periodic drifting

03
03

or

0.5

04
a1 02 03

US>

o

-0 5

145 -1 -05 0 05

of orbital centers

04 -95
0.2
-10
)
-0.2 "10 S5
04 04 <02 0 0.2 -19 -185 -18

-
-
wr

0s
0%
0 )
05 05
Y S p——y 5 45 -1 05 0 05

12!
-13

=05

-19 -135 -18 -19 -135 -18

15 -1 -05 0 05

® note spontaneous multiple scale dynamics: drop vibration, spin, drift



Wobble & leap centers
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Quasi-periodic motion
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Other complex, quasi periodic orbitals
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Tambasco et al. (2017)
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Period-doubling transition to chaos
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Chaotic, high-memory regime
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Oza, Wind-Willassen, Harris, Rosales & Bush, PHF (2014)




Transition to Chaotic Trajectories

v/vr = 0.975 £ 0.002

~v/vr = 0.990 £ 0.002

Can we recover anything from
this complex trajectory?
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corresponding to the
unstable quantized
orbits.




Evolution of statistical behavior at fixed
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Evolution of statistical behavior with memory
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* as the memory is increased, an increasing number of orbital levels become accessible



Statistical behavior at high memory
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Evolution of statistical behavior at fixed memory

Experiment Simulation

~/vp = 0.988 + 0.003
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e the rotation rate defines the mean orbital radius

» the memory defines the number of accessible levels



Evolution of statistical behavior at fixed memory
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Harris et al. (2014)

Multimodal statistics in orbital dynamics Oza et al. (2014)
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e at high memory, quantized orbits destabilize, chaotic trajectories emerge
® unstable eigenstates represent attractors, leave an imprint on the statistics

¢ multimodal statistics reflect superposition of unstable dynamical states
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High-memory limit:
chaotic pilot-wave dynamics
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Walking at ultra-high memory: Simulations with strobe model
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e coherent, wave-like statistics emerge from chaotic pilot-wave dynamics

e wave-like statistics reflect imprint of unstable eigenstates



A heuristic for orbital stability
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Pilot wave field
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Liu et al., JEM (2023)

Force imparted by
mean wave field
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e orbits along zeros in Jy(r) should minimize the global wave energy

e orbits along maxima in mean wave field destabilize via monotonic instability

¢ orbits along minima in mean wave field destabilize via wobbling



Energetics Liu et al., JEM (2023)

1 1 * .,
Wave energy: E= lim — [/ —pgh” dx + / a (\/ 1 +|Vh|* - 1) dx]
K—> 00 | <R 2 x| <R ‘ ,

: 1 f gt
Linear waves: = (pg +ok F) lim = h~(x,1)dx
R—20 21 Jix| <k

Nondimensionalize: " = (v —yw)/(yvF —yw) =1 — 1

h = h/hy and E=E /Ey, where hy = ATw /Ty and Ey = hgk;' (pg + okf-,)

| Xy U
E=—-—H and E=—|1- 0
I i ;
where U = row 1s the orbital speed
Redimensionalize:
1 . :
Ep = 5m|:1:p|2+V(mp)+mgHByD(|£cp|) and

e prompted the general result deduced for stroboscopic energetics






Motion in a central force field
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Motion in a central force field

e cncapsulate ferrofluid: apply external forces to walker via magnetic field

e cxperimental modeling of a particle in a simple harmonic oscillator

MAGNET

Perrard et al. (2014), Labousse et al. (2015)



Double quantization
¢ orbits quantized in both mean radius (energy) and angular momentum
e orbits characterized in terms of states (n, m) reflecting R, L
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The chaotic regime at high memory

e droplet switches intermittently between a small number
of accessible periodic states

}:/}.J. :

2

“The detuned trajectory is thus formed from a succession of sequences of

pure eigenstates with intermittent transitions between them.”




Dettmers, Oza & Bush (2017)
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The SHO with the stroboscopic model
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¢ double-quantization emerges when system is effectively “closed’
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Periodic orbits ettmers et al. (2017)

(ﬂ) ! ‘ /\o 'ﬂ'c /\ \ I |
" J \ ] |
1 o8 R'[T7 ) VARV ‘1
O 0\. c" \.o ‘/.
& 062 Vo 22 23
=0 040 "}“
'} -. -
' 1 /!
2 4 \'
1l 02 I, 00—\ —~ ',
I“O 1]
0 o 2 23
/T
(a) v ) —_ 1 l ‘.\ ‘(\ 7 'A' ';‘ A 'n’u" ",-..‘ ‘(\ (C) 1 1
. \ Vo "
.5 \T\ 0.8 R .'\.' "\r; ..\,'. .\J‘ .\J‘ ‘J \'. ,." ‘u" 0 0k R “" “ " v \ﬁ. b iy ' h ‘ \hﬂ\
5 0
s \ 06t M, 1} R 062 '40 41 . 42 43
g “o 1 —~ 4o #r
- 04 o
. - 1
\ A A WA WA Y A N A O A A u ‘/ u|
2 i T T -1 2 % \,’ u W\ b
A5 \J 02 A8 ‘! W\ " ‘U’ AERTEY l\: \ 0. Lz-(l] “s‘ ) “'\'v \ \; ‘ ’
0 0
-1 0 1 30 31 32
. X Ay “T
(b) 1 — .
1 '\/,— \ R l I\ l' ‘\” '\“" \ "\.o.
0.8 0 " .' \. \C “ ‘) \' . .‘. “ ' ! ‘c
w ) n.6_% 5 6 7 8
=0 )< i T ’
-~ | D.-" 1 P i
K / 0.2 I 0 i‘ 'anp' R (‘P"“."' - r_,'-'.‘ 1 0.2 / ! f \ ' ‘ ‘ 0 " I' ' , .
p — n - 1 R AY ) "0 Juluun‘ i BIFTINe, |

> 6 7 3
i”T




=

. . o ye . Dettmers et al. (2017
Quantization of periodic orbits (2017)
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FIG. 4. Dimensionless mean radius R and mean angular momentum L. for the periodic and quasiperiodic
trajectories observed for y/yr = 0.95.



Chaotic trajectories Dettmers et al. (2017)

® can be decomposed into quasi periodic subcomponents




K lusteri Durey & Milewski (2017)
-means Ciusierng Dettmers et al. (2017)

e a means of characterizing quantization in the chaotic regime
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e snip chaotic trajectories at successive maxim, evaluate mean R, L
e cach sub-trajectory yields a single blue dot

e applying K-means clustering produces means (red dots)



Quantization of chaotic orbits Dettmers et al. (2017)
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FIG. 9. Shown in green, red, and blue are centroids of clusters for chaotic trajectories at y /yr = 0.971, for
spring constants in the range 0.1 < k < 5.8 uN/m, with corresponding A in the range 0.3986 < A < 3.254.
The blue, red, and green markers denote spring constants inthe ranges k < 0.57 uN/m,0.57 < k < 1.36 uN/m,
and k = 1.36 uN/m, respectively.



. Tambasco et al. (2017)
The tongue diagram
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Onset of chaos
Tambasco et al. (2017)

e arises through the Ruelle-Takens-
Newhouse route to chaos

® incommensurate frequencies
appear in the spectrum
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e walker motion confined by an applied force

Fortetal.(2010) , Oza et al. (2013, 2014), Harris & Bush (2014)
Perrard et al. (2014), Labousse et al. (2015), Durey & Milewski (2017)

e

MEMORY ORBITAL
TIME TIME

waves persist beyond characteristic orbital time

system is effectively “closed’ and “above threshold’



The rotating frame as a "closed system’
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e quantization emerges when system is effectively "closed’



e particle motion in a monochromatic wave field is strongly constrained

quantization emerges from pilot-wave dynamics

e chaotic pilot-wave dynamics emerging in the high-memory limit
contains an imprint of the unstable orbital states

multimodal statistics emerge from chaotic pilot-wave dynamics

® quantum-like behaviour emerges when the memory time exceeds the domain’s

crossing time: the drop surfs its self-generated potential



Summary

® stroboscopic model captures salient features of orbital pilot-wave dynamics

¢ relatively minor discrepancies in stability characteristics, likely due to
breakdown of assumption of drop-wave resonance

e has revealed a rich, multi-scale, multi-periodic dynamics
Physical picture

e quantization rooted in dynamic constraint imposed on the droplet by its
monochromatic self-potential, its Faraday pilot-wave field

¢ at high memory, quantized orbits destabilize, chaotic trajectories emerge

e multimodal statistics reflect superposition of unstable dynamical states

The first paradigm for the emergence of quantum behavior

e quantum statistics underlaid by chaotic pilot-wave dynamics



