
 

        18.S996 Hydrodynamic quantum analogs

        Lecture 14:  Orbital pilot-wave dynamics



Walkers in a rotating frame



Quick review: Dynamics in a rotating frame

I.  Particle motion in a rotating frame

•  fictitious forces result from interpretation of inertial forces in rotating frame

•  stationary particles subject to centrifugal force

•  moving particles subject to Coriolis force

<latexit sha1_base64="zGBbrKWjjwMCWf/MB1TtIHnwXfU=">AAACD3icbVDLSgMxFM34rPU16tJNsCiuykwRdSMUBXFnBfuAzlgyaaYNTTJDkhHKMH6BG3/FjQtF3Lp159+YtrPQ1gMXDufcm9x7gphRpR3n25qbX1hcWi6sFFfX1jc27a3thooSiUkdRyySrQApwqggdU01I61YEsQDRprB4GLkN++JVDQSt3oYE5+jnqAhxUgbqWMfpF4QwstOionQWQbPIIfeNSc9dFeB8gF6faRTmXXsklN2xoCzxM1JCeSodewvrxvhhJtXMUNKtV0n1n6KpKaYkazoJYrECA9Qj7QNFYgT5afjezK4b5QuDCNpSmg4Vn9PpIgrNeSB6eRI99W0NxL/89qJDk/9lIo40UTgyUdhwqCO4Cgc2KWSYM2GhiAsqdkV4j6SCGsTYdGE4E6fPEsalbJ7XHZujkrV8zyOAtgFe+AQuOAEVMEVqIE6wOARPINX8GY9WS/Wu/UxaZ2z8pkd8AfW5w+Vz5vB</latexit>

Fcent = m⌦2r r̂
<latexit sha1_base64="IZkJKbooSOyFOm8pOoiT1j5zpyo=">AAACFnicbVDLSgMxFM34rPVVdekmWAQ3lpki6kYoFsSdFewDOqVk0jttaDIzJBmlDPMVbvwVNy4UcSvu/BvTdhbaeuDCyTn3knuPF3GmtG1/WwuLS8srq7m1/PrG5tZ2YWe3ocJYUqjTkIey5REFnAVQ10xzaEUSiPA4NL1hdew370EqFgZ3ehRBR5B+wHxGiTZSt3CcuJ6Pr7pJNU3xBS5jgSdKnGL3AXp9mD7dGwF9knYLRbtkT4DniZORIspQ6xa+3F5IYwGBppwo1XbsSHcSIjWjHNK8GyuICB2SPrQNDYgA1UkmZ6X40Cg97IfSVKDxRP09kRCh1Eh4plMQPVCz3lj8z2vH2j/vJCyIYg0BnX7kxxzrEI8zwj0mgWo+MoRQycyumA6IJFSbJPMmBGf25HnSKJec05J9e1KsXGZx5NA+OkBHyEFnqIKuUQ3VEUWP6Bm9ojfryXqx3q2PaeuClc3soT+wPn8AjVydxA==</latexit>

FC = 2mu ^⌦

Trajectory equation in a rotating frame
<latexit sha1_base64="2oaBwved1i2hfby7HdU7rbRoq7Q="></latexit>

mẍp = Fext + 2mẋp ^⌦+m⌦2rr̂

<latexit sha1_base64="7vdKSOnZ8cGtI2kBVnn7XwX9vIA=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF29WsB/QXUs2nW1Dk+ySZJW69H948aCIV/+LN/+NabsHbX0w8Hhvhpl5YcKZNq777RSWlldW14rrpY3Nre2d8u5eU8epotCgMY9VOyQaOJPQMMxwaCcKiAg5tMLh1cRvPYDSLJZ3ZpRAIEhfsohRYqx0798I6BPsD4jJnsbdcsWtulPgReLlpIJy1LvlL78X01SANJQTrTuem5ggI8owymFc8lMNCaFD0oeOpZII0EE2vXqMj6zSw1GsbEmDp+rviYwIrUcitJ2CmIGe9ybif14nNdFFkDGZpAYknS2KUo5NjCcR4B5TQA0fWUKoYvZWTAdEEWpsUCUbgjf/8iJpnlS9s6p7e1qpXeZxFNEBOkTHyEPnqIauUR01EEUKPaNX9OY8Oi/Ou/Mxay04+cw++gPn8wdxjZJ7</latexit>

⌦ẑ

<latexit sha1_base64="U/DZDfRxtKRlmaF7P5NAgeDSDBk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByl/udJ1Sax/LRTBP0IzqSPOSMGit1sn4QknQ2qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPjZ1QZzgTOKv1UY0LZhI6wZ6mkEWo/m587I2dWGZIwVrakIXP190RGI62nUWA7I2rGetnLxf+8XmrCGz/jMkkNSrZYFKaCmJjkv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3/PIqaV/Uvau6+3BZa9wWcZThBE7hHDy4hgbcQxNawGACz/AKb07ivDjvzseiteQUM8fwB87nDywhj3Y=</latexit>u

Coriolis CentrifugalInertia



II.  Navier-Stokes equations in a rotating frame

•  consider frame rotating with uniform angular velocity 

•  sub into Navier-Stokes for        to deduce their form in the rotating frame:

<latexit sha1_base64="msbFMJ/hTwqXweA9zjS47FFmJn4=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiuCqJiLoRim7cWcFeoCllMp20QyeTMHMi1JCVG1/FjQtF3PoM7nwbp20W2vrDwMd/zuHM+f1YcA2O820VFhaXlleKq6W19Y3NLXt7p6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH16N6817pjSP5B2MYtYJSV/ygFMCxura+6nnB9i7CVmfZPgiJ+wNCKQPWdcuOxVnIjwPbg5llKvWtb+8XkSTkEmggmjddp0YOilRwKlgWclLNIsJHZI+axuUJGS6k07OyPChcXo4iJR5EvDE/T2RklDrUeibzpDAQM/WxuZ/tXYCwXkn5TJOgEk6XRQkAkOEx5ngHleMghgZIFRx81dMB0QRCia5kgnBnT15HhrHFfe04tyelKuXeRxFtIcO0BFy0RmqomtUQ3VE0SN6Rq/ozXqyXqx362PaWrDymV30R9bnDxRRmEA=</latexit>

⌦ = ⌦ẑ

•  velocity,     , in rotating frame related to that,      , in lab frame by<latexit sha1_base64="XkVMtAmZ+g+vuQaJ5lA0alWP2ZU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s0l3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM0nQj+hA8pAzaqzUzrpBSNIp6ZUrbtWdg6wSLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCp6VuqjGhbEQH2LFU0gi1n83vnZIzq/RJGCtb0pC5+nsio5HWkyiwnRE1Q73szcT/vE5qwhs/4zJJDUq2WBSmgpiYzJ4nfa6QGTGxhDLF7a2EDamizNiISjYEb/nlVdK8qHpXVffhslK7zeMowgmcwjl4cA01uIc6NICBgGd4hTdn7Lw4787HorXg5DPH8AfO5w+EQo+g</latexit>u <latexit sha1_base64="ZZ+0O6g3K7LdhPz8K6+z0kQ3hAU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0s4m7k0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94iThfkQHSoSCUbRSO+sGIRlPSa9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5vVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmT1P+kJzhnJiCWVa2FsJG1JNGdqISjYEb/nlVdK8qHpXVffhslK7zeMowgmcwjl4cA01uIc6NICBhGd4hTfnyXlx3p2PRWvByWeO4Q+czx+FyI+h</latexit>v
<latexit sha1_base64="4XC2KfM0jOlQj4La3oFcPDgtfeY=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCG0siom6Eoht3VrAXaEKZTE7aoZMLM5NKCXkNN76KGxeKuNSVb+O0yUJbfxj4+M85nDm/G3MmlWl+GwuLS8srq6W18vrG5tZ2ZWe3JaNEUGjSiEei4xIJnIXQVExx6MQCSOByaLvD60m9PQIhWRTeq3EMTkD6IfMZJUpbvYqZ2q6Pkwxf4imNMnyck30bQJ9k2H4Arw+5JzLcq1TNmjkVngergCoq1OhVPm0vokkAoaKcSNm1zFg5KRGKUQ5Z2U4kxIQOSR+6GkMSgHTS6WUZPtSOh/1I6BcqPHV/T6QkkHIcuLozIGogZ2sT879aN1H+hZOyME4UhDRf5CccqwhPYsIeE0AVH2sgVDD9V0wHRBCqdJhlHYI1e/I8tE5q1lnNvDut1q+KOEpoHx2gI2Shc1RHN6iBmoiiR/SMXtGb8WS8GO/GR966YBQze+iPjK8foBSe1A==</latexit>

u = v �⌦ ^ r
<latexit sha1_base64="ZZ+0O6g3K7LdhPz8K6+z0kQ3hAU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0s4m7k0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/NebaiFg94iThfkQHSoSCUbRSO+sGIRlPSa9ccavuHGSVeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5a6qeEJZSM64B1LFY248bP5vVNyZpU+CWNtSyGZq78nMhoZM4kC2xlRHJplbyb+53VSDG/8TKgkRa7YYlGYSoIxmT1P+kJzhnJiCWVa2FsJG1JNGdqISjYEb/nlVdK8qHpXVffhslK7zeMowgmcwjl4cA01uIc6NICBhGd4hTfnyXlx3p2PRWvByWeO4Q+czx+FyI+h</latexit>v

<latexit sha1_base64="lSyHiJ8bFUTXY15Oxmq+hi7cp0Y="></latexit>

Du

Dt
= �1

⇢
rpd + ⌫r2u + g � 2⌦ ^ u , r · u = 0

<latexit sha1_base64="OhBkkSmbxvahrfQuBYLdcUxkptY="></latexit>

pd = p� ⇢g · x � 1

2
⇢⌦2r2

Statics: 
<latexit sha1_base64="L2d4a5I38Z7Qz+ZRXSlX+VBCljM="></latexit>

p = p0 + ⇢g · x � 1

2
⇢⌦2r2

<latexit sha1_base64="VwYxyKnruE9ngBQR6MOPdkYXu0k=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgrWFNJTNdtMu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOMtlshEd0JquBSKt1Cg5J1UcxqHkrfD0e3Ubz9xbUSiHnCc8iCmAyUiwShayc+7YUSyCbkmbq9ac+vuDGSZeAWpQYFmr/rV7Scsi7lCJqkxvuemGORUo2CSTyrdzPCUshEdcN9SRWNugnx28oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eX6G0VWQC5VmyBWbL4oySTAh0/9JX2jOUI4toUwLeythQ6opQ5tSxYbgLb68TB7P6t5F3b0/rzVuijjKcATHcAoeXEID7qAJLWCQwDO8wpuDzovz7nzMW0tOMXMIf+B8/gDR7pBL</latexit>

u = 0
<latexit sha1_base64="wQKlAFZaAsRvvSfnuoKqExul53U=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjxWsB/QxjLZbNulm03Y3Sgl9H948aCIV/+LN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRVmdxiJWrQA1E1yyuuFGsFaiGEaBYM1geDPxm49MaR7LezNKmB9hX/Iep2is9NCRGAgkSTckV8TtlspuxZ2CLBIvJ2XIUeuWvjphTNOISUMFat323MT4GSrDqWDjYifVLEE6xD5rWyoxYtrPplePybFVQtKLlS1pyFT9PZFhpPUoCmxnhGag572J+J/XTk3v0s+4TFLDJJ0t6qWCmJhMIiAhV4waMbIEqeL2VkIHqJAaG1TRhuDNv7xIGqcV77zi3p2Vq9d5HAU4hCM4AQ8uoAq3UIM6UFDwDK/w5jw5L8678zFrXXLymQP4A+fzB8ubkWU=</latexit>rpd = 0

Isobar on free surface: <latexit sha1_base64="xxSaYS6EuroMPgxZTWskf04D2y0=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkkQdSMU3bizgn1Ak5bJdJIOnUnCzESoIeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyjgVmDRwzGLR9pEkjEakoahipJ0IgrjPSMsfXo391j0RksbRnRolxOMojGhAMVJa6pn7D/ACuoFAOHNvOAlR18kzJ8xF1+mZFatqTQDniV2QCihQ75lfbj/GKSeRwgxJ2bGtRHkZEopiRvKym0qSIDxEIeloGiFOpJdNfsjhkVb6MIiFrkjBifp7IkNcyhH3dSdHaiBnvbH4n9dJVXDuZTRKUkUiPF0UpAyqGI4DgX0qCFZspAnCgupbIR4gHYjSsZV1CPbsy/Ok6VTt06p1e1KpXRZxlMABOATHwAZnoAauQR00AAaP4Bm8gjfjyXgx3o2PaeuCUczsgT8wPn8A1U+XAw==</latexit>

z =
⌦2

2g
r2

where the dynamic pressure 

<latexit sha1_base64="7vdKSOnZ8cGtI2kBVnn7XwX9vIA=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF29WsB/QXUs2nW1Dk+ySZJW69H948aCIV/+LN/+NabsHbX0w8Hhvhpl5YcKZNq777RSWlldW14rrpY3Nre2d8u5eU8epotCgMY9VOyQaOJPQMMxwaCcKiAg5tMLh1cRvPYDSLJZ3ZpRAIEhfsohRYqx0798I6BPsD4jJnsbdcsWtulPgReLlpIJy1LvlL78X01SANJQTrTuem5ggI8owymFc8lMNCaFD0oeOpZII0EE2vXqMj6zSw1GsbEmDp+rviYwIrUcitJ2CmIGe9ybif14nNdFFkDGZpAYknS2KUo5NjCcR4B5TQA0fWUKoYvZWTAdEEWpsUCUbgjf/8iJpnlS9s6p7e1qpXeZxFNEBOkTHyEPnqIauUR01EEUKPaNX9OY8Oi/Ou/Mxay04+cw++gPn8wdxjZJ7</latexit>

⌦ẑ

<latexit sha1_base64="z4a0Dml+uGsE/JF5T844sQ+/34E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3seM+w==</latexit>r

<latexit sha1_base64="lDCrfqbkXHIvm+uqgvZ4AOFEtkw=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgxbAroh6DXjxGMA/ILmF2MpsMmZ1dZnqFuOQ3vHhQxKs/482/cfI4aGJBQ1HVTXdXmEph0HW/ncLK6tr6RnGztLW9s7tX3j9omiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gqHtxO/9ci1EYl6wFHKg5j2lYgEo2gln5yRPvEHFPOncbdccavuFGSZeHNSgTnq3fKX30tYFnOFTFJjOp6bYpBTjYJJPi75meEpZUPa5x1LFY25CfLpzWNyYpUeiRJtSyGZqr8nchobM4pD2xlTHJhFbyL+53UyjK6DXKg0Q67YbFGUSYIJmQRAekJzhnJkCWVa2FsJG1BNGdqYSjYEb/HlZdI8r3qXVff+olK7mcdRhCM4hlPw4ApqcAd1aACDFJ7hFd6czHlx3p2PWWvBmc8cwh84nz/n+JD2</latexit>

�gẑ



Experimental setup

Rotation rate

Memory

Control parameters:

Fort et al, PNAS 107 (41) 17515-17520 (2010). 
Harris & Bush, JFM 739, 444-464 (2014).



III.  Walking droplets in a rotating frame

•  interface represents a parabolic isopotential, weakly curved

•  a stationary bouncer bounces perpendicular to the curved free surface

•  trajectory equation for a walking droplet need only be augmented by Coriolis force

•  walkers translate at free walking speed, but transform to bouncers at high

<latexit sha1_base64="xxSaYS6EuroMPgxZTWskf04D2y0=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KkkQdSMU3bizgn1Ak5bJdJIOnUnCzESoIeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyjgVmDRwzGLR9pEkjEakoahipJ0IgrjPSMsfXo391j0RksbRnRolxOMojGhAMVJa6pn7D/ACuoFAOHNvOAlR18kzJ8xF1+mZFatqTQDniV2QCihQ75lfbj/GKSeRwgxJ2bGtRHkZEopiRvKym0qSIDxEIeloGiFOpJdNfsjhkVb6MIiFrkjBifp7IkNcyhH3dSdHaiBnvbH4n9dJVXDuZTRKUkUiPF0UpAyqGI4DgX0qCFZspAnCgupbIR4gHYjSsZV1CPbsy/Ok6VTt06p1e1KpXRZxlMABOATHwAZnoAauQR00AAaP4Bm8gjfjyXgx3o2PaeuCUczsgT8wPn8A1U+XAw==</latexit>

z =
⌦2

2g
r2

<latexit sha1_base64="7vdKSOnZ8cGtI2kBVnn7XwX9vIA=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeiF29WsB/QXUs2nW1Dk+ySZJW69H948aCIV/+LN/+NabsHbX0w8Hhvhpl5YcKZNq777RSWlldW14rrpY3Nre2d8u5eU8epotCgMY9VOyQaOJPQMMxwaCcKiAg5tMLh1cRvPYDSLJZ3ZpRAIEhfsohRYqx0798I6BPsD4jJnsbdcsWtulPgReLlpIJy1LvlL78X01SANJQTrTuem5ggI8owymFc8lMNCaFD0oeOpZII0EE2vXqMj6zSw1GsbEmDp+rviYwIrUcitJ2CmIGe9ybif14nNdFFkDGZpAYknS2KUo5NjCcR4B5TQA0fWUKoYvZWTAdEEWpsUCUbgjf/8iJpnlS9s6p7e1qpXeZxFNEBOkTHyEPnqIauUR01EEUKPaNX9OY8Oi/Ou/Mxay04+cw++gPn8wdxjZJ7</latexit>

⌦ẑ

•  the outward centrifugal force is precisely balanced by the inward curvature force

<latexit sha1_base64="kbRqNvrcA1p2R92ut1cUyLA20So=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBR9e/PK7XrPI4iOkLH6BQF6BLV0C2qowai6BE9o1f05invxXv3PuatBS+fOUR/4H3+AGDXjwA=</latexit>

⌦

•  tend to execute anticyclonic orbits, for which centripetal and Coriolis forces balance

<latexit sha1_base64="lDCrfqbkXHIvm+uqgvZ4AOFEtkw=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgxbAroh6DXjxGMA/ILmF2MpsMmZ1dZnqFuOQ3vHhQxKs/482/cfI4aGJBQ1HVTXdXmEph0HW/ncLK6tr6RnGztLW9s7tX3j9omiTTjDdYIhPdDqnhUijeQIGSt1PNaRxK3gqHtxO/9ci1EYl6wFHKg5j2lYgEo2gln5yRPvEHFPOncbdccavuFGSZeHNSgTnq3fKX30tYFnOFTFJjOp6bYpBTjYJJPi75meEpZUPa5x1LFY25CfLpzWNyYpUeiRJtSyGZqr8nchobM4pD2xlTHJhFbyL+53UyjK6DXKg0Q67YbFGUSYIJmQRAekJzhnJkCWVa2FsJG1BNGdqYSjYEb/HlZdI8r3qXVff+olK7mcdRhCM4hlPw4ApqcAd1aACDFJ7hFd6czHlx3p2PWWvBmc8cwh84nz/n+JD2</latexit>

�gẑ
Bouncer



Inertial orbits:  anticyclonic

Force on charged particle:

Coriolis force:

ω =
u0

R
= − 2Ω



Walker on a rotating bath

Lab frame Rotating frame

ω =
u0

R
= − 2Ω



Wave fields generated by orbiting walkers

Centered 
on drop  

Centered on 
orbital center 



Orbital quantization

low memory high memory

R = aV/(2Ω)

mV2/R = 2mΩV 
Classical

Observed

   R = V/(2Ω) 

Fort	et	al,	PNAS	107	(41)	17515-17520	(2010)



rp(t) = r0 , θp(t) = ωt

Coriolis	force

Seek orbital solutions:

Pilot-wave dynamics in a rotating frame
Oza, Harris, Rosales & Bush (2013)



rp(t) = r0 , θp(t) = ωt

Coriolis	force

nonlinear	system	of	equa=ons	in	(r0	,	ω)

Seek orbital solutions:

Pilot-wave dynamics in a rotating frame
Oza, Harris, Rosales & Bush (2013)



Stability of orbital solutions

•  write equation in polar coordinates

•  linearize around orbital solutions:
r(t) = r0 + εr1(t),    θ(t) = ωt + εθ1(t)         (0 < ε << 1) 

•  Laplace transform linearized equation

L[r1]	=	R(s),					L[θ1]	=	Θ(s)
and obtain solutions

R(s)	=	a(s)/F(s),					Θ(s)	=	b(s)/F(s)

•  zeros of F(s) determine stability of orbital solution 

- Stable if Re(s) < 0, unstable if Re(s) > 0 

Oza, Rosales & Bush (2013)



2Ω	λF	/V0 2Ω	λF	/V0

r/λF

r/λF

γ/γF	=	0.91 γ/γF	=	0.95

γ/γF	=	0.96 γ/γF	=	0.98

high	memory

mid	memory

Re(s)	>	0	
Im(s)	≠	0

Re(s)	>	0	
Im(s)	=	0

Re(s)	<	0

low	memory



Low-memory results

• continuous variation of orbital radius and frequency with rotation rate 
• offset from classical prediction can be understood as a wave-induced added mass 

(Bush, Oza, Molacek 2014)

ω =
u0

R

Deduced:



Mid-memory regime
γ/γF = 0.922 

γ/γF	=	0.954	

γ/γF = 0.922 

γ/γF	=	0.954	

Bands of orbital radii 
   become unstable

   Discrete set of
orbital frequencies



High memory regime
γ/γF = 0.971 

wobbling	
orbits

stable	
orbits

unstable	
orbits

• more bands of radii become inaccessible 
• multiple radii accessible for fixed rotation rate 
• periodic fluctuations in orbital radius observed

wobbling							
orbits



Stability of circular orbits:  high memory

stable Re(s)

orbital	radii	approximated	
by	zeros	of	J0(kFr)
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2ΩλF/u0

r 0
/λ
F

Balance	between	iner=al	and	wave	force.		
Orbital	radii	split	by	applied	rota=on.

unstable

unstable

Hydrodynamic spin states at ultra-high memory?     

s = 3/2
s = 1/2

UNSTABLE! 

Oza, Rosales & Bush (2018)



Ultra-high memory limit (Me >> 1)

Approximate governing equations in high-memory limit:

Radial:

Tangential:

Zeeman-like splitting



Analog Zeeman splitting of orbiting pairs

•  invoke Coriolis-Lorentz equivalence: orbital radii split by applied rotation 

•  for orbiting pairs, change proportional to applied rotation

•  the Zeeman effect is the splitting of spectral lines in the presence of a uniform B 

Eddi et al., PRL (2012)





Hydrodynamic spin states
•  weak topographical confinement enables spin states

Bernard-Bernardet et al. (2023)



Rotational trapping at very high 

•  rotation transforms walkers to bouncers, since orbital radius approaches zero

Oza et al. (2014)

•  deduced trapping criterion by considering high        , small radius limit

•  trapped states have infinitesimal radius, but finite orbital frequency
<latexit sha1_base64="kbRqNvrcA1p2R92ut1cUyLA20So=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBR9e/PK7XrPI4iOkLH6BQF6BLV0C2qowai6BE9o1f05invxXv3PuatBS+fOUR/4H3+AGDXjwA=</latexit>
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•  not readily achievable in the lab
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•  orbital quantization emerges owing to the walker’s interaction with its own wake

Quantization of inertial orbits in a rotating frame  
                          

•  orbital quantization is a generic feature of pilot-wave dynamics subject to constraints

Fort et al. (2010)
Harris et al. (2014)
Oza et al. (2014)

•  results from the dynamic constraint imposed by its monochromatic self-potential



The tongue diagrams: stability plots

• Blue: Stable orbit 
• Red: Unstable orbit 

(largest eigenvalue real) 
• Green: Unstable orbit 

(largest eigenvalue 
complex)

A B C



The tongue diagrams: form rationalized by Nicholas Liu

• Blue: Stable orbit 
• Red: Unstable orbit 

(largest eigenvalue real) 
• Green: Unstable orbit 

(largest eigenvalue 
complex)

Half-orbit wave 
damping factor



Non-linear behavior - Simulations

Oza, Wind-Willassen, Harris, Rosales & Bush, PHF (2014)



Weakly non-linear behavior - Simulations

Oza, Wind-Willassen, Harris, Rosales & Bush, PHF (2014)



Wobbling orbits

wobbling frequency ≈ 2ω wobbling frequency ≈ 3ω



Simulation

Wobbling orbits
Experiment



Wobbling orbits
Numerical simulation Experiments
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γ/γF	=	0.961					0.969				0.974					0.978	

increasing	Me

wobbling 
amplitude
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96.1 ± 0.1%, uo = 12.0 mm/s
96.9 ± 0.4%, uo = 12.3 mm/s
97.4 ± 0.1%, uo = 12.3 mm/s
97.8 ± 0.3%, uo = 12.4 mm/s
Theoretical

Wobbling frequency: experiments vs theory

Liu et al., JFM (2023)



Non-linear behavior - Simulations

Oza, Wind-Willassen, Harris, Rosales & Bush, PHF (2014)



experiment	

Wobble and drift
•  windows of periodicity in a predominantly chaotic regime

•  note spontaneous multiple scale dynamics: drop vibration, spin, drift



Wobbling and drifting orbits

ExperimentSimulation
Multiscale orbits



Wobbling orbits (n = 1)

Me

γ/γF	=	0.952	

γ/γF	=	0.956	

γ/γF	=	0.960	

wobbling 
amplitude

wobbles

 wobble and 
circular drift



Drift amplitude and frequency

 wobble and 

circular drift

RADIUS  OF ORBITAL  

    CENTER’S DRIFT 

RADIUS  OF ORBITAL  

   CENTER’S DRIFT 

PERIOD OF ORBITAL  

   CENTER’S DRIFT PERIOD OF ORBITAL  

   CENTER’S DRIFT 



 Wobble and leap

Oza, Wind-Willassen, Harris, Rosales & Bush, PHF (2014)



Wobble & leap dynamics
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Experiment 
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Wobble & leap

numerical	simulation experiments



 Quasi-periodic trajectories

Oza, Wind-Willassen, Harris, Rosales & Bush, PHF (2014)



Periodic or quasi-periodic drifting  
of orbital centers

n = 0

n = 1

•  note spontaneous multiple scale dynamics: drop vibration, spin, drift



Wobble & leap centers



Quasi-periodic motion



Other complex, quasi periodic orbitals



mẍ+Dẋ =
F

TF

Z t

�1

J1 (kF |x(t)� x(s)|)
|x(t)� x(s)| (x(t)� x(s)) e�(t�s)/(TFMe) ds� 2m⌦⇥ ẋ
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Transition to chaos
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Increasing vibrational acceleration

Transition to chaos

wobbling
drifting

Tambasco et al. (2017)
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Transition to chaos
Tambasco et al. (2017)
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Period-doubling transition to chaos

Tambasco et al. (2017)



Oza, Wind-Willassen, Harris, Rosales & Bush, PHF (2014)

Chaotic, high-memory regime



Transition to Chaotic Trajectories

Can we recover anything from 
this complex trajectory?



Chaotic trajectories

Walker switches 
between arcs with radii 

corresponding to the 
unstable quantized 

orbits.

R



Evolution of statistical behavior at fixed Ω



Evolution of statistical behavior with memory

• as the memory is increased, an increasing number of orbital levels become accessible

Experiment Simulation



Statistical behavior at high memory
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Evolution of statistical behavior at fixed memory

Experiment Simulation

• the rotation rate defines the mean orbital radius 
• the memory defines the number of accessible levels



Evolution of statistical behavior at fixed memory
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γ / γF

•  unstable eigenstates represent attractors, leave an imprint on the statistics

Multimodal statistics in orbital dynamics  
                          

•  at high memory, quantized orbits destabilize, chaotic trajectories emerge

Harris et al. (2014)
Oza et al. (2014)

•  multimodal statistics reflect superposition of unstable dynamical states



High-memory limit:  
chaotic pilot-wave dynamics

Peaks	at	the	zeros	of	J0(kFr)



•  coherent, wave-like statistics emerge from chaotic pilot-wave dynamics 

Walking at ultra-high memory:  Simulations with strobe model
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•  wave-like statistics reflect imprint of unstable eigenstates



A heuristic for orbital stability

Mean wave field

•  orbits along minima in mean wave field destabilize via wobbling

•  orbits along maxima in mean wave field destabilize via monotonic instability

Pilot wave field
Force imparted by 
mean wave field

•  orbits along zeros in             should minimize the global wave energyJ0(r)

Liu et al., JFM (2023)



Energetics
Wave energy:

•  prompted the general result deduced for stroboscopic energetics

Linear waves:

Nondimensionalize:

Redimensionalize:

H and

<latexit sha1_base64="FhjbBQ38D0EWNgb1FiPTOK9cOns="></latexit>
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Liu et al., JFM (2023)
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Motion in a central force field
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Motion in a central force field

•  encapsulate ferrofluid: apply external forces to walker via magnetic field 

•  experimental modeling of a particle in a simple harmonic oscillator 

Perrard et al. (2014),  Labousse et al. (2015)

MAGNET

F = −kx



Double quantization
•  orbits quantized in both mean radius (energy) and angular momentum 

•  orbits characterized in terms of states (n, m) reflecting R, L

Rule:			𝑚 ∈ {−𝑛, − 𝑛 + 2,… , 𝑛 − 2,𝑛}

S.	Perrard,	M.	Labousse,	M.	Miskin	E.	Fort,	Y.	Couder,	Nature	Communication,	5,	3219	(2014)



  “The detuned trajectory is thus formed from a succession of sequences of 
  pure eigenstates with intermittent transitions between them.”

The chaotic regime at high memory

•  droplet switches intermittently between a small number   
 of accessible periodic states



The SHO with the stroboscopic model
 Dettmers, Oza & Bush (2017)

•  double-quantization emerges when system is effectively `closed’
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Periodic orbits Dettmers et al. (2017)



Quantization of periodic orbits Dettmers et al. (2017)



Chaotic trajectories Dettmers et al. (2017)

•  can be decomposed into quasi periodic subcomponents



K-means clustering Durey & Milewski (2017)
Dettmers et al. (2017)

•  snip chaotic trajectories at successive maxim, evaluate mean R, L

•  a means of characterizing quantization in the chaotic regime

•  each sub-trajectory yields a single blue dot

•  applying K-means clustering produces means (red dots)



Quantization of chaotic orbits Dettmers et al. (2017)



The tongue diagram
Tambasco et al. (2017)



Onset of chaos
Tambasco et al. (2017)

•  arises through the Ruelle-Takens-
    Newhouse route to chaos

•  incommensurate frequencies 
    appear in the spectrum



Orbital pilot-wave systems as `closed systems’

•  walker motion confined by an applied force
                                           

waves persist beyond characteristic orbital time

Rotation:       Fort et al. (2010) , Oza et al. (2013, 2014), Harris & Bush (2014)
SHO:        Perrard et al. (2014),  Labousse et al. (2015), Durey & Milewski (2017)

Quantization emerges provided:

TM > u0/R

R

u0

system is effectively `closed’ and `above threshold’
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The rotating frame as a `closed system’

•  quantization emerges when system is effectively `closed’

MEMORY  TIME                             ORBIT TIME                 RANGE

TM ⇠ (2⌫k2F )
�1/(1� �/�F ) Torb = 1/2⌦ R = u0/2⌦



Orbital pilot-wave dynamics: summary

quantization emerges from pilot-wave dynamics

•  chaotic pilot-wave dynamics emerging in the high-memory limit   

•  particle motion in a monochromatic wave field is strongly constrained

contains an imprint of the unstable orbital states

multimodal statistics emerge from chaotic pilot-wave dynamics

•  quantum-like behaviour emerges when the memory time exceeds the domain’s 
                                           crossing time: the drop surfs its self-generated potential

•  superposition of statistical states may be seen as a manifestation of chaotic

                                           
switching between accessible unstable periodic orbits



•  quantization rooted in dynamic constraint imposed on the droplet by its
    monochromatic self-potential, its Faraday pilot-wave field

Summary 
                          

•  at high memory, quantized orbits destabilize, chaotic trajectories emerge

•  multimodal statistics reflect superposition of unstable dynamical states

•  stroboscopic model captures salient features of orbital pilot-wave dynamics

•  relatively minor discrepancies in stability characteristics, likely due to 
    breakdown of assumption of drop-wave resonance

Physical picture

The first paradigm for the emergence of quantum behavior 

•  quantum statistics underlaid by chaotic pilot-wave dynamics

•  has revealed a rich, multi-scale, multi-periodic dynamics 


