
Some preliminaries

•   all course materials posted on my webpage

•   will send course announcements via email

https://thales.mit.edu/bush/

•   will  plan course, problem set according to class demographics

https://thales.mit.edu/bush/


Some leftovers from Lecture 1



Perspective

•   pilot-wave dynamics can give rise to quantum-like behaviour on the macroscale.
                                           

                                         So why not the microscale?

•  at the time that pilot-wave theory was developed by de Broglie, there was no 
    macroscopic analog to draw upon. 

                                                  Now there is.



BIG PICTURE

•  the landscape before PWH:  classical mechanics and quantum mechanics

Quantum 
Mechanics

Classical
Mechanics



BIG PICTURE

•  enter pilot-wave hydrodynamics

QM

PWH HQAs

Classical
Mechanics



BIG PICTURE

PWH

•  has motivated exploration of the Generalized Pilot-wave Framework  

GPWF

QM

Spin
Jitter

HQAs



BIG PICTURE

PWH

GPWF

HQFT

QM

Spin

HQAs

Zitter

p = ~ k

•  has inspired the development of a number of HQFTs



The appeal of walking droplets

•  a macroscopic example of a particle moving in response to its own wave field, 
    the theoretical description of which is notoriously difficult on the microscale

•  timescales of bouncing, lateral motion, statistical convergence all accessible

•  connects to a number of hidden-variable theories:

— de Broglie’s double-wave solution, Bohmian mechanics, Stochastic Mechanics
     (Nelson 1964), Stochastic Electrodynamics (de la Peña et al. 2018)

— e.g. the Lorentz-Abraham-Dirac equation of EM

•  provides a platform for exploring the boundary between classical and quantum
    behaviour

•  spans wide range of disciplines: experimental & theoretical fluid mechanics, 
    dynamical systems, connections to equations of EM and QM, history of QM,
    philosophy of science









18.996:  Lecture 2  

Analogical  thinking



 Means of comparison and degrees of similitude

III.  Dynamic similarity

 I.  Metaphor 

II.  Physical analogy

V.   Statistical similarity

VI.  Philosophical similarity

IV.  Mathematical equivalence



 Degrees of similitude

 I.  Metaphor 

 e.g.  the road unfurled before me  
        

• an imprecise level of comparison that provides a means of using one system to gain    
insight into another 

  

 e.g.  the road was a ribbon of moonlight 
         e.g.  the stars are blue and shiver in the distance
        



Visual Arts Science

paintings of 
increasing 
realism

models of 
increasing 
realism

 PHOTOGRAPHY  SUPERCOMPUTING

A  METAPHOR ON STYLE IN SCIENCE  

Impressionism     Scientific impressionism

•  capture the essential beauty/truth of a problem



A hydrodynamic metaphor

- JWMB, Physics Today  (2015)

  ``If particle physics is the dazzling crown prince of science, fluid mechanics

is the cantankerous queen mother: While her loyal subjects flatter her as being rich, 
mature, and insightful, many consider her to be démodé, uninteresting, and difficult. 
In her youth, she was more attractive. Her inconsistencies were taken as paradoxes 
that bestowed on her an air of depth and mystery. The resolution of her paradoxes 
left her less beguiling but more powerful, and marked her coming of age. She has 
since seen it all and has weighed in on topics ranging from cosmology to 
astronautics. Scientists are currently exploring whether she has any wisdom to offer 
on the controversial subject of quantum foundations.”



The dangers of colorful scientific writing



 Degrees of similitude

 I.  Metaphor 

II.  Physical analogy

• may be  drawn between two systems comparable in significant respects owing to 
similarities in their essential physics and underlying mathematical structure

• fluid mechanics provides a framework for modeling a broader class of nonfluidic
     systems, including electromagnetic, optical, quantum and gravitational systems
  



 Maxwell on physical analogy 

 ``By a physical analogy I mean that partial similarity between the laws 
of one science and those of another which makes each of them illustrate 
the other. . .. We find the same resemblance in mathematical form 
between two different phenomena.”

           —James Clerk Maxwell, On Faraday’s Lines of Force (1855).

  ``Now, as in a pun two truths lie hid under one expression, so in an 
analogy one truth is discovered under two expressions. . . Every question 
concerning analogies is therefore a question concerning the reciprocal of 
puns, and the solutions can be transposed by reciprocation.”

— James Clerk Maxwell, Are there real analogies in Nature? (1856).



My favorite physical analogy



Fibonacci numbers in art —- ???



Φ ≈ 1.6180339887… is called the �Golden Ratio�

What do you think is called the �Golden Angle?�

360° ✕Φ ≈ 582.5°
                = 222.5° 

222.5°

137.5°
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n ! 1

Fibonacci 
numbers 
in nature…



      Why?    To maximize the sunlight received. 

Plant leaves on stems emerge at the Golden Angle. 



Fibonacci spirals in nature



“If you dig deeply enough into anything, you find mathematics.”



Douady & Couder (1991)

What makes this a good physical analogy?  



 Hurricanes in a soap film

• heat and rotate base of a hemispherical soap film
• thermal plumes grow from the heated base of the soap film
• plumes generate long-lived, large-scale vortices
• intensification and relaxation of vortices matches that of hurricanes

  

  -  H. Kellay (2017)



Rabbit arterySand dunes

Some physical analogies are better than others



Hydrodynamic quantum analogues

•  the walking drops represent the first analogs of single-particle QM

•   have to date primarily involved wave phenomena  



Hydrodynamic metaphor …  or physical analogy?

“Light corpuscles generate waves in an Aethereal Medium, just like a stone 
thrown onto water generates waves. In addition, these corpuscles may be alternately 
accelerated and retarded by the waves.” 

- Newton, Opticks (1704)



Thomas Young (1773-1829)

•  contributed to theory of language, music harmony, solid mechanics, medicine, 

•  felt that his greatest contribution was convincing the scientific community 

•  deciphered the Rosetta stone 

of the wave nature of light using ripple tank experiments

physiology, light, vision, surface tension

Young (1805)



(1880)



•  have created such knots both optically and hydrodynamically

   (2008)



    Water wave analogy 
 (Denardo et al. AJP, 2009)

    Maritime analogy 
 (Boersma, AJP, 1996)

Hydrodynamic analogies of the Casimir effect 

•  in QM, the Casimir effect gives rise to forces
    between objects owing to geometric constraint
    on the EM quantum background field



Periodic table of drop vibrations 
   (Steen et al., PNAS, 2019)



The Aharanov-Bohm effect

•   explored the Aharanov-Bohm effect via a hydrodynamic analogue: plane water

Michael Berry (1990)

waves pass over a potential vortex, for which vorticity vanishes

•   phase dislocation in an amount proportional to the vortex circulation

•   a quantum effect whereby a charged particle is effected by a magnetic potential A
     even though it moves exclusively in a domain where  B = 0



•   a Skyrmion is a topologically stable field configuration that arises in models of 
     the neutron and also in string theory





Superfluids (e.g. low temperature He)
•   quantum phases of matter in which atoms condense into a single macroscopically
     occupied quantum state

•   described in terms of inviscid fluid mechanics 

•   circulation is quantized: vorticity appears discretely, and vortex lattices may form

•   when an electron is injected into superfluid He, the result is a bubble whose 
     radius is set by a balance between the quantum pressure and surface tension

Electron bubble



Polaritons
•   a quantum hybrid of light and matter formed by shining light onto specially
     layered materials

•   the resulting substance is a hybrid of light and matter: `quantum fluids of light’

•   ring-pumped polarity condensate displays giant quantum vortices

Alperin & Berkoff (2021)



Quantum fluids of light:  polaritons flow over a defect

A walking droplet  Carusotto & Ciuti  (Rev. Mod. Phys. 2013)

Zebra-
Cherenkov
radiation



Time crystals

•   `no-go’ theorems proved quantum space-time crystals in equilibrium are impossible

•  a quantum system of particles in which the lowest energy state is one in which the 
    particles are in repetitive motions

•  proposed by Wilczek (2012) as a time-based analog of common crystals

•   various experiments (in BECs and spintronic systems) found time crystals



Time crystals

•   `no-go’ theorems proved quantum space-time crystals in equilibrium are impossible

•  a quantum system of particles in which the lowest energy state is one in which the 
    particles are in repetitive motions

•  proposed by Wilczek (2012) as a time-based analog of common crystals

•   various experiments (in BECs and spintronic systems) found time crystals

Historical precedent:    Faraday waves  Physics Today



General relativity  (Einstein 1915)

•   describes gravity as the curvature of space-time caused by the presence
     of mass and energy

•   massive objects like planets and stars curve the spacetime around them

•   other objects, including photons, follow geodesics        

 successful in rationalizing gravitational lensing 

   as they traverse this curved spacetime



Analog gravity           (Unruh et al. 1980s —) 

•  attempts to model phenomena of GR (e.g. black holes) using fluidic systems,
            e.g. acoustics in moving fluids, gravity waves,  superfluid He, BECs

•   established analogs between wave interactions with vortices and black holes       

•   established analogs between wave interactions with hydraulic jumps and white holes
   

•   in the hydrodynamics analogs, the interface plays the role of the fabric of space-time   



 Analog Gravity

  

  - Kellay & Rousseaux (2019)



 Analog Gravity

  



•   have to date only involved wave phenomena, not single particle analogs  

Walking droplets as single-particle GR analogs

Photons near a rotating black hole
Walkers near a rotating 
              meniscus



HALF   TIME



Some physical analogies are better than others

  How can you judge?

 The similarity of the mathematical descriptions.

     Establishing this similarity is easily done in fluid mechanics,
 for which all systems are described by the Navier-Stokes equations.

Relies on assessment of relevant dimensionless groups.



 Degrees of similitude

III.  Dynamic similarity

• the cornerstone of laboratory modeling in hydrodynamics
  

I. Metaphor

II.  Physical analogy

• arises between two physical systems when strict mathematical equivalence 
     is achieved between them

… a digression into Dimensional Analysis



 Dimensional analysis and scaling arguments



Fundamental Concept

The laws of Nature cannot depend on an arbitrarily chosen system of units.
A system is most succinctly described in terms of dimensionless variables. 

DIMENSIONAL ANALYSIS

Deduction of Dimensionless groups: Buckingham’s Theorem

For a system with  M  physical variables (e.g. density, speed, length, viscosity)
describable in terms of  N  fundamental units (e.g. mass, length, time, temperature),
there are  M - N  dimensionless groups that govern the system.

E.g. Translation of a sphere

Physical variables: 

€ 

U , a,ν , ρ ,D ⇒

Fundamental units:   M , L , T 

€ 

⇒
M = 5
N = 3

Ua

€ 

ρ ,ν
D

M - N = 2  dimensionless groups:     

€ 

Cd =
D
ρU 2 , Re =

U a
ν

System uniquely determined by a single relation:   

€ 

Cd = F(Re)



Variation of         with                      :

U  D
Drag:

€ 

D = CD (Re) ρ U
2 a2

€ 

CD

€ 

Re =
U a
ν

a

€ 

Re =
U a
ν

smooth
 sphererough

sphere

DRAG
CRISIS



DIMENSIONAL ANALYSIS

Corollary to Buckingham’s Theorem:

If there is only one dimensionless group, it must be constant.

•  the deduction of the dimensionless groups governing a physical system

Value: 1)  minimizes number of parameters governing a physical 
     system (thus facilitating experimental modeling)

2)  occasionally yields scaling of physical variables directly



Corollary to Buckingham’s Theorem:

If there is only one dimensionless group, it must be constant.

E.g. Pendulum g

M

L
Physical variables:   M, L, g, ω

ωFundamental units: M, L, T

system prescribed by one dimensionless group

Π =
ω2L

g
= constant ω ∼

( g

L

)1/2

Note:  finite amplitude oscillations require consideration of θ

ω = f(θ)
( g

L

)1/2



   If there are two physical constants in the Universe,       and      , 
what is the natural frequency of oscillation of a drop of radius     ?

   If there are two physical constants in the Universe,       and      , 
what is the natural frequency of oscillation of a particle of mass        ?

�⇢

~ c
m

!c =
mc2

~

!d =

r
�

⇢a3

a

Dimensional analysis and pilot-wave triggers   
                          (see Problem Set 1) 



58



59

Can we predict  R(t) ?

Given  R(t), can we infer 
the energy released?



The scaling of atomic blast clouds
- G.I. Taylor,  Sedov

Physical variables:

Fundamental units:

R(t)

R, t, E, ρ

M,L, T

system prescribed by one dimensionless group: 

Π =
Et2

ρR5
= constant

yields desired scaling for radius of the blast cloud:

R ∼

(

E

ρ

)1/5

t2/5



61

R ∼ t
2/5

R(t)



III.   Dynamic similarity
•  arises between two physical systems when those systems are    

described by the same dimensionless parameters

•  allows one to model (impractically large or small) physical systems
in a laboratory setting

Eg. 1  Submarine building

Dimensional analysis yields
D

ρU2a2
= F (Re, shape)

•                                     may be deduced from experimental modeling F (Re, shape)

with miniature subs (and high U to match Re)

•  results can be scaled up to deduce drag D and power required DU
for a submarine to cruise submerged at a given speed



Eg. 2  Wind-tunnel testing

•  one wants to know wind-induced pressure distribution
around a building (e.g. the John Hancock tower)

P

ρU2
= F (Re) deduced from lab experiments

•  must match Re for dynamic similarity: miniature models
 require the use of high laboratory wind speeds U

Eg. 3  Low Reynolds number swimming in water

•  bacteria swim with  Re = Ua/ν ∼ 10
−5

a ∼ 1µmsince

•  dynamic similarity can be achieved in a lab-scale
setting (a ~ 5cm) by increasing fluid viscosity



Eg. 4  Geophysical flows

•  motion of atmosphere and oceans influenced by earth’s rotation Ω

•  dimensionless groups are the Rossby and Ekman numbers: 

Ro =
U

Ωa
, Ek =

ν

Ωa2

•  dynamic similarity in lab experiments (a ~1m) requires high  Ω ∼ 1/s



 Means of comparison and degrees of similitude

III.  Dynamic similarity

 I.  Metaphor 

II.  Physical analogy

IV.  Mathematical equivalence

•  arises when two systems have precisely the same mathematical description

•  one system may be understood directly in terms of the other

•  arises when dynamic similarity is achieved in fluid systems, but also arises
    more broadly…



Physica Scripta (2022)





Bose-Einstein condensates
•  a gas of Bosons in the same quantum state, describable with the same wavefunction

Madelung Transformation (1928):

•  nonlinearity gives rise to term analogous to gravity in shallow-water hydrodynamics

•  evolves according to the Gross-Pitaevskii or non-linear Schrödinger equation:

Ψ =
√

ρ e
iS/h̄

QUANTUM POTENTIAL Q NONLINEARITY



Faraday waves in BECs 

Dispersion relation



Vortices in rotating BECs and stratified flows

Zwierlein 
(Nature, 2021)

  Bush & Woods
 (JFM, 1999)



ElectrostaticsInviscid, incompressible flows

Mathematical methods directly transferable

•  source-sink flows •  fields from point charges

•  flows near walls identical to electric fields near insulating boundaries

•  method of images,  superposition,  Gauss’s Law, complex potentials



Vorticity equation for 
  unidirectional flows

 Static heat equation 

•  vorticity evolves as a passive scalar

 Rayleigh-Stokes First 
 and Second Problems



Vortex dynamics Magnetic induction equation

Rapidly rotating flows Strong background field

Taylor-Proudman Thm Taylor 
column

Magnetic 
column

• flow constrained to be 2D



Gravitoelectromagnetism

Lorentz force

• in limit of weak spacetime curvature (weak gravitational fields)



 Means of comparison and degrees of similitude

III.  Dynamic similarity

 I.  Metaphor 

II.  Physical analogy

IV.  Mathematical equivalence

•  the underlying dynamics need not be the same

• exists when two systems exhibit identical statistics

V.   Statistical equivalence



 Statistical similarity in HQA 
 Eg. 1  Friedel oscillations 
        

 Eg. 2  Corrals
        



Quantum particles  Bouncing droplets 

Friedel oscillations

Saenz et   al. (2018)Crommie et al.   (2003)



Friedel oscillations

Underlying dynamics 

An Exposed Variable Theory

Saenz et   al. (2018)Crommie et al. (2003)

Underlying dynamics 

 Hidden Variable Theory

Statistical description Statistical description



Quantum particles  Bouncing droplets 

Corrals

Harris et   al. (2012)Fiete & Heller   (2003)



Quantum particles  Bouncing droplets 

Statistical description Statistical description

Underlying dynamics 

An Exposed Variable Theory

Harris et   al. (2012)Fiete & Heller   (2003)

Underlying dynamics 

 Hidden Variable Theory



 Means of comparison and degrees of similitude

III.  Dynamic similarity

 I.  Metaphor 

II.  Physical analogy

IV.  Mathematical equivalence

V.   Statistical equivalence

VI.  Philosophical similarity

• exists between any physical systems whose dynamics and statistics may be 
described rationally  e.g.  all classical systems 

        



VI.  Philosophical similarity

• exists between any physical systems whose dynamics and statistics may 
be described rationally  e.g.  all classical systems 

        

Important points

• the bar for success  is very low for the HQA venture:  we need only convince 
ourselves that QM is philosophically similar to classical mechanics

• but our demonstrations of statistical similarity (in addition to the historical 
precedent of QM pilot-wave theories) would seem to suggest the possibility of     
there being a physical analogy with pilot-wave hydrodynamics

• precludes the need for philosophical extravagance; for example, a 
revision of our notions of reality  (see Lecture 3)

• as the walking droplets provide physical analogies for both QM and GR, they
     may be the analog system with the greatest range of scales



One last metaphor
  

 ``One is invited to believe that the macroscopic and microscopic worlds are 
separated by a philosophical chasm so deep that there is no hope of ever finding 
one's way across. In the depths of the abyss, profound and obscure, lurk the 
Impossibility Proofs. To those who cannot see beyond strict mathematical 
equivalence, one must concede that bouncing droplets are not quantum particles.
To those with the relatively modest goal of establishing philosophical equivalence 
through physical analogy, the walking-droplet system has extended a speculative 
bridge from the macroscopic towards the microscopic, and linked with a structure 
emerging from the other side, the modern extensions of de Broglie's pilot-wave 
theory. Rickety though this bridge may be, under construction, it offers striking 
new views to workers from both sides.”




