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Three paradigms for macroscopic quantum behavior 

•   chaotic pilot-wave dynamics:  intermittent switching between weakly unstable 
     periodic orbits yields multimodal, quantum-like statistics

•   quantized orbits emerge from the dynamic constraint imposed on the 
     droplet by its quasi-monochromatic wave field

•  speed fluctuations lead to correlation between position and speed, a statistical 
    signature with the Faraday wavelength
                                           

I.   Orbital pilot-wave dynamics

II.   In-line oscillations

•   depend critically on the quasi-monochromatic wave field

•   the drop navigates the local, self-generated potential that is its pilot wave field
                                                                    

III.  Stochastic motion over mean-pilot-wave potential
•  random walk characterized by effective diffusivity     D ~ U   
                                           
•  evokes Nelson’s Stochastic Mechanics:    
                                           

DQ ⇠ ~
m ⇠ ~kB

mkB
⇠ U�B
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Hydrodynamic quantum analogs
                          • orbital quantization: Larmor levels, SHO

• spin states, Zeeman splitting, spin lattices, Anderson localization

• single-particle diffraction and interference 

• boost factors, HOM effect, surreal trajectories, bomb testers

• statistical projection (`mirage’) effects in confined geometries

• Uncertainty relations and Exclusion Principles

• tunneling, superradiant tunneling and emission

•  drop inertia may dominate pilot-wave force

Most significant limitations

• optical effects: Talbot effect, Bragg scattering, optical ratcheting

• Friedel oscillations, corrals, interaction-free measurement

•  viscous damping of pilot wave:  quantum features emerge at high memory      

• distant, two-particle and multi-particle correlations



A generalized pilot-wave framework

•   explore beyond the range of the hydrodynamic system

•   retain key features of walker system 

•   connect to and inform quantum pilot-wave theories

(memory, resonance, quasi-monochromatic wave field)

•   discover new quantum-like features;  e.g. stable spin states

•   extended to 3D, where  helical spin states have now been found

(Bush ARFM 2015,  Durey & Bush, 2020)
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Question: For what values of                    does the system look most like QM?(0,�)

When are hydrodynamic spin states stable?   

PROXIMITY TO THRESHOLD
  CONTAINS ALL FLUID PARAMETERS:
BOUNDED IN HYDRODYNAMIC SYSTEM

Eg.1

WAVE  FORCING INERTIA                  DRAG 

Classical pilot-wave dynamics:  a parametric generalization
                          

Eg.2 When is walking state unstable to in-line oscillations?   

0.8 < 0 < 1.6
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•  walking state may be unstable to in-line oscillations with wavelength λF

Generalized pilot-wave theory: the free particle in 2D

•  aperiodic `jittering’ gives rise to random walk with diffusivity

•  stable, wobbling and precessing spin states may obtain

D ⇠ U�F
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(Durey & Bush, 2020)

Accessible

  in lab

                          

In-line oscillations

Spin
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 Generalized pilot-wave dynamics
                          

Further generalizations

•  extend pilot-wave dynamics to three dimensions (3D spin states now found)  

• consideration of alternative wave forms, spatio-temporal damping

•  include stochastic forcing, study hybrid pilot-wave stochastic dynamics

•  connect to/inform quantum pilot-wave theories of Bohm and de Broglie
    and their modern extensions

(Durey, Chaos, 2020;  Valani et al., PRE, 2021 )



 Madelung transformation (1928):

Schrodinger:

 Continuity: 
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where

is the quantum velocity of probability, 

j = ρ u

ρ = |Ψ|2

is the quantum probability flux. 

is the probability density, 

    Quantum 
Hamilton-Jacobi:

Ψ =
√

ρ e
iS/h̄

u = ∇S/m

S is the action,

 The (Old) Hydrodynamic Interpretation of Quantum Mechanics



 Bohmian Mechanics (1952)

•  solve trajectory equation        
m ẍp = −∇Q − ∇V

•  solve Schrodinger’s equation for       ,  from which         is computedΨ Q

 Successes

•  equate quantum velocity of probability      and particle velocity                u ẋp

David Bohm

      NONLOCAL
 

•  given initial conditions consistent with solution,  it predicts emergent statistics       
  consistent with those of the standard quantum formalism       

•  a counterexample of the Impossibility Proofs that held sway at the time    



   `Bohmian trajectories are at odds with common sense:
    they are not real, they are surreal.’

- Englert, Sully, Süssman and Walther (ESSW). 1992

•  experimental investigations using `weak measurement’ found mean 
    trajectories consistent with the surreal trajectories (Mahler et al., 2016)

•  proposed an interference experiment intended to expose
    the shortcomings of Bohmian mechanics

•  their reasoning was criticized by Aharanov & Vaidman 
    (1996), who concluded:

   ` ESSW does not show that Bohmian mechanics is 
    inconsistent, only that Bohmian trajectories behave
    differently from what one would expect classically.’

   `We demonstrate that the trajectories seem surreal only if  one ignores
     their manifest nonlocality.’

Surreal trajectories  



•  arise in the walker system
    at high memory

•  `surreal’ trajectories are not at odds with classical intuition informed by a 
     familiarity with pilot-wave hydrodynamics

- Frumkin, Struyve, Darrow, JB

•  may be readily understood as a manifestation of non-Markovian pilot-wave
    dynamics, with no need to invoke `quantum nonlocality’

Real surreal trajectories  

(PRA, 2022)



•  in absence of bomb, interference always causes photon to arrive at D1

•  if bomb is present 50% of the time, then you can detect it 25% of the time      

•  with bomb, particle either detonates bomb (Path 1) or arrives at D2 or D1 

   via a particle that took Path 2, so never interacted with it

   with equal probability



- Frumkin & JB, PRA (2023)

•   25% of the time, the droplet detects a bomb along a path it didn’t take  

A hydrodynamic analog of the quantum Bomb tester  

•   submerged topography (orange) plays the role of the `bomb’  

•   in the presence of the bomb, surreal trajectories may arise:  

•   in the absence of the bomb, all trajectories go to the left

- the droplet’s pilot-wave interacts with the bomb, altering the droplet’s path



 Bohmian Mechanics (1952)

•  solve trajectory equation        
m ẍp = −∇Q − ∇V

•  solve Schrodinger’s equation for       ,  from which         is computedΨ Q

•  no mechanism for wave generation;  no  feedback of particle on field

Shortcomings

•  Einstein’s objection: it is `nonlocal’ by virtue of  the quantum potential Q  

•  equate quantum velocity of probability      and particle velocity                u ẋp

David Bohm

 Extensions   (Bohm & Vigier 1954)

•  invoke a stochastic forcing                from a `sub quantum realm’:         

m ẍp = −∇Q − ∇V + r�S

r�S

•  particles jostle about       like Brownian motion of gas molecules about streamlines   u

      NONLOCAL
 



 Bohmian mechanics  Walkers 
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Particle vibration on the Compton scale

E = m c2 E = ~ !

!c =
mc2

~
Compton 
frequency

Einstein-de Broglie relation:

•  de Broglie (1926) suggested microscopic particles have an internal clock at   

 Natural 
frequency:

 RELATIVITY  QM

•  Frank Wilczek (The Lightness of Being, 2008):  `a poem in two lines’…

mc2 = ~!
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that generates a wave that moves in concert with the particle

  particles move in resonance with a guiding or `pilot’ wave field  



-  Louis de Broglie (1892-1987)

•                                        is a real physical wave responsible for guiding the particle      

•   a solution of Klein-Gordon equation triggered by oscillations in rest mass  

•   Harmony of Phases: the particle oscillates in resonance with its guiding wave      

•   incomplete: wave generation mechanism,  precise form of       not specified                 

de Broglie’s pilot-wave theory:  The double-wave solution

•           is the probability wave, as prescribed by standard quantum theory

•  particle follows point of constant wave amplitude: his guidance equation yields

ωc =
m0c

2

h̄

•   wave generated by internal particle vibration 
     (Zitterbewegung) at the Compton frequency: 

“  A freely moving body follows a trajectory that is orthogonal 
   to  the surfaces of an associated wave guide”.

Ψ

for a monochromatic wave

� = |�| ei�/~

<latexit sha1_base64="Ay6MAy4HSO0H/huARW2P9Skj4lI=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwVRMp6EYounFZwT6giWUynTZDJw9mJkJJ686Nv+LGhSJu/QR3/o2TNgttPXC5h3PuZeYeL+ZMKsv6NhYWl5ZXVgtrxfWNza1tc2e3IaNEEFonEY9Ey8OSchbSumKK01YsKA48Tpve4Crzm/dUSBaFt2oYUzfA/ZD1GMFKSx3zwIl9hi7QKOsj9IDoXcqcms9OHN/DYtwxS1bZmgDNEzsnJchR65hfTjciSUBDRTiWsm1bsXJTLBQjnI6LTiJpjMkA92lb0xAHVLrp5JAxOtJKF/UioStUaKL+3khxIOUw8PRkgJUvZ71M/M9rJ6p37qYsjBNFQzJ9qJdwpCKUpYK6TFCi+FATTATTf0XExwITpbMr6hDs2ZPnSeO0bFfKlZtKqXqZx1GAfTiEY7DhDKpwDTWoA4FHeIZXeDOejBfj3fiYji4Y+c4e/IHx+QOkXZke</latexit>

�

<latexit sha1_base64="2sR+GAANpj7Ey5RC1KvMW6sj8Cs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOFMG9f9diobm1vbO9Xd2t7+weFR/fikp+NUEdolMY/VIMCaciZp1zDD6SBRFIuA034wu8v9/hNVmsXy0cwT6gs8lSxkBJtcGiURG9cbbtMtgNaJV5IGlOiM61+jSUxSQaUhHGs99NzE+BlWhhFOF7VRqmmCyQxP6dBSiQXVflbcukAXVpmgMFa2pEGF+nsiw0LruQhsp8Am0qteLv7nDVMT3vgZk0lqqCTLRWHKkYlR/jiaMEWJ4XNLMFHM3opIhBUmxsZTsyF4qy+vk95V02s1Ww+tRvu2jKMKZ3AOl+DBNbThHjrQBQIRPMMrvDnCeXHenY9la8UpZ07hD5zPHxXOjkY=</latexit>

� = k · x� !t

<latexit sha1_base64="OQwUE0aWZjM0JO42aUgIQhsFVSQ=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0Y0mkoBuh6MZlBfuAJpTJZNIOnWTCzI1YQj/Bjb/ixoUibl2682+cPhbaeuDCmXPuZe49QSq4Bsf5tgpLyyura8X10sbm1vaOvbvX1DJTlDWoFFK1A6KZ4AlrAAfB2qliJA4EawWD67HfumdKc5ncwTBlfkx6CY84JWCkrn3s1fscX+LcCyI8GGGPhhKmr4cRPsWejFmPYOjaZafiTIAXiTsjZTRDvWt/eaGkWcwSoIJo3XGdFPycKOBUsFHJyzRLCR2QHusYmpCYaT+fHDTCR0YJcSSVqQTwRP09kZNY62EcmM6YQF/Pe2PxP6+TQXTh5zxJM2AJnX4UZQKDxON0cMgVoyCGhhCquNkV0z5RhILJsGRCcOdPXiTNs4pbrVRvq+Xa1SyOIjpAh+gEuegc1dANqqMGougRPaNX9GY9WS/Wu/UxbS1Ys5l99AfW5w/Ya5s5</latexit>

<latexit sha1_base64="t9SYyeUtcaxMphII7Up5x+3Jpj8=">AAACK3icbVDLSgMxFM34rPVVdekmWARXZUZE3QilblxWsA/olOFOmmlDk8yQZMQyzP+48Vdc6MIHbv0P08dCWw8ETs659yb3hAln2rjuh7O0vLK6tl7YKG5ube/slvb2mzpOFaENEvNYtUPQlDNJG4YZTtuJoiBCTlvh8Hrst+6p0iyWd2aU0K6AvmQRI2CsFJRqmR9GOMnxFfb7IARgEbh4Ivq92GQPeTA1JYQcsF8fsPFtEIKaVg3zoFR2K+4EeJF4M1JGM9SD0osdTVJBpSEctO54bmK6GSjDCKd50U81TYAMoU87lkoQVHezya45PrZKD0exskcaPFF/d2QgtB6J0FYKMAM9743F/7xOaqLLbsZkkhoqyfShKOXYxHgcHO4xRYnhI0uAKGb/iskAFBBj4y3aELz5lRdJ87TinVfc27NytTaLo4AO0RE6QR66QFV0g+qogQh6RM/oDb07T86r8+l8TUuXnFnPAfoD5/sHNKCl1w==</latexit>
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•  long-term statistical behaviour  described 

de Broglie’s pilot-wave theory

•  fast dynamics: mass oscillations at        

•  intermediate pilot-wave dynamics:       

by standard quantum theory

create wave field

particle rides its guiding wave field
such that

centered on particle

ωc =
m0c

2

h̄

Fiete & Heller (2003)

p = ~ k



 de Broglie   Walkers 
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Shortcomings of the quantum pilot-wave theories 

•  a dynamical reformulation of a statistical theory

•  original double-solution theory distinguished between         and     
  
•  form of pilot-wave         unspecified:  several options considered

•  nonlocal:  particle is guided by the non-local quantum potential

Bohmian mechanics 

•  particle is piloted by a wave form        of unspecified origins

•  no mechanism specified for pilot-wave generation

de Broglie’s mechanics 

•  at one stage set                      : reduces to Bohmian mechanics

two theories conflated into `de Broglie-Bohm theory’ 
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So, what is the matter wave field in QM?

•  workers in Stochastic Electrodynamics (SED) suggest an EM pilot wave

•  de Broglie suggested that the field satisfies the Klein-Gordon equation,  

(de la Pena, Cetto, Valdes-Hernandes 2015)

           What might de Broglie have tried …
                  … had he had MATLAB?

as describes the Higgs field and weak gravitational waves …



Hydrodynamically-inspired quantum field theory

•  extend de Broglie’s mechanics, informed by pilot-wave hydrodynamics

•  model particle as wave source, an oscillation at twice the Compton frequency   

 Dagan & Bush (2020)

�tt � c2 �xx + !2
c � = ✏ sin(2!ct) e�[(x�xp)/�c]

2

 Forced Klein-Gordon equation

Guidance equation:

`particle’: a localized excitation 

in the Higgs field

•  consider the zero-particle-inertia, no-wave-damping limit

•  particle moves in response to gradients in wave amplitude

``… we can envisage a more active role for the particle, something which is not 
even admitted as conceivable in the conventional view.  This may, for instance, 
enter as a ‘source’ of the pilot-wave field through an inhomogeneous term in the 
wave equation…”  — Holland (1995)

� ẋp = �↵
@�

@x
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Coupling 

constant



•

•  for v << c, the 2D pilot-wave field takes the form of a plane wave with 

HQFT

•  markedly different from the horseshoe-like form of the walker wave field  

Durey & Bush (2020)

Walker HQFT

•  deduced analytically the form of the 1D and 2D pilot-wave field by solving an IVP

•  superposition of radially propagating waves with        and carrier wave with �B

�B

�c
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•  above a critical coupling constant        ,  particle self propels

v = 0.1c
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•  pilot wave and particle momentum related through:



Hydrodynamically-inspired quantum field theory II
 David Darrow & JB

Coupled wave and guidance equations

•  combine particle and field Lagrangians at the level of actions

Coupling constants a, b Single coupling constant b

HQFT II



HQFT I HQFT II

4.   No steady rectilinear state

 Dagan & Bush (2020)



Slit diffraction with HQFT II
Single slit diffraction pattern 

Double slit pattern

 Trajectories  Trajectories inside slit 

 Trajectories  Trajectories inside slit 



The New Hydrodynamic Interpretation of QM

•   an amalgam of de Broglie’s pilot-wave theory and the walker system

 ``Bush (2015) has further explored this sort of possibility for the emergence of a 
Bohmian version of quantum mechanics from something like classical fluid 
dynamics. A serious obstacle to the success of such a program is the quantum 
entanglement and nonlocality characteristic of many-particle quantum systems."


     —  S. Goldstein, Bohmian Mechanics (Stanford Encyclopedia of Philosophy, 2021)



• act of observation causes instantaneous collapse 
     of statistical wave form

1.  Wave function collapse

• interaction with pillars and well:  

2.   Spooky action at a distance

wave-mediated local forces give rise
to apparently non-local lift forces

Harris et al. (2018) Sáenz et al. (2020)

Harris et al. (2013)
Nonnonlocality: misinferences of non-locality from local hereditary 
pilot-wave dynamics

3.   Real surreal trajectories

• wave-mediated forces play role of 
     non-local quantum potential in 
     Bohmian mechanics

  Frumkin et al. (2022)



•  can be performed on any probabilistic system consisting of two subsystems
   (1, 2) on which one measures a stochastic process with outcomes X = +1 or -1

and

Bell Tests:  the acid test of quantumness

Assumptions
1.  Realism

2.  Locality

3.  Measurement independence



2-particle correlations: towards hydrodynamic Bell tests

•  identify well geometries with measurement settings

•  explore various measurement settings, measure emergent statistics

•  seek violations of Bell’s Inequality 

=

  Approach

•  identify +/- (excited/ground) states with inner/outer  cavities

- Papatryfonos, Nachbin,
     Labousse, Vervoort, JB

•  drops confined to a pair of wells across which they tunnel unpredictably 
    between the ground (preferred) state and the excited state



Violating Bell’s Inequality: static Bell test 

•  assumption of Measurement Independence not valid: the geometry of both
    cavities influences the pilot wave, the probability of outcomes in both cavities…



•  use dynamic topography to isolate the two subsystems
- Nachbin (2022)

•  excited, correlated state survives topographically-induced isolation
•  might the static Bell violations likewise survive dynamic changes in
    measurement settings?     Might memory account for entanglement?

Towards a dynamic Bell test 



Overview

•  is reminiscent of the de Broglie’s pilot-wave theory of quantum dynamics    
      

The hydrodynamic pilot-wave system

•  extends the range of classical systems to include features previously thought to be
    exclusive to the microscopic, quantum realm

•  provides a conceptual framework, a progressive approach, for understanding QM             

•  provides a vehicle to explore the boundaries between classical and QM

•  has motivated a new class of local theoretical models of quantum dynamics  

•  suggests the shortcomings of quantum pilot-wave theories of de Broglie and Bohm

•  suggests that the quantum paradoxes may be resolved through the elucidation
    of pilot-wave dynamics on the Compton scale  

Pilot-wave hydrodynamics demonstrates how classical hereditary mechanics
    gives rise to behavior that is taken as evidence of non-locality in QM.



Perspective

•   pilot-wave dynamics can give rise to quantum-like behaviour on the macroscale.
                                           

                                         So why not the microscale?

•  at the time that pilot-wave theory was developed by de Broglie, there was no 
    macroscopic analog to draw upon. 

                                                  Now there is.


